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Preface to the Second Edition 



In the half dozen years or so since the first publication of Introductory Nuclear Physics , 
there have been several new developments and changes in the emphasis in the field. 
This, together with the enthusiastic feedback from colleagues and students, makes it 
imperative to publish a new edition. 

For an active topic of research, a textbook cannot stay static. There are large areas 
that are basic and well established. These form the core of the first edition and they 
have stayed more or less the same. At the same time, the students should be made 
aware of certain new trends, such as superdeformation, relativistic heavy-ion reactions, 
nuclear astrophysics, and radioactive beams. At the same time, the preparation of 
students taking a course on nuclear physics is changing as well. Assumptions of a 
good working knowledge of angular momentum algebra and basic methods of quantum 
mechanics may no longer be correct for many. For this reason, some parts of the core 
of nuclear physics have been rewritten to make it more accessible. 

The main changes in the second edition are the addition of two new chapters. 
Heavy-ion reactions, from high-spin states to ultra-relativistic collisions, are now in a 
totally new chapter. The same approach is also taken on nuclear astrophysics. To keep 
the book from getting too big, a few of the appendices in the first edition are either 
incorporated into the main text or taken out. In addition, some material that is no 
longer in the forefront of nuclear physics research is shortened or removed altogether. 

The Internet has increasingly become the means of providing up-to-date informa- 
tion. From the latest description of major projects to comprehensive data bases, the 
World Wide Web is now the source of choice. For this reason, Uniform Source Locators 
(URL) are given as the “reference” for such topics as nuclear binding energies. Unfor- 
tunately, changes are frequently made to these electronic addresses and the reader may 
have to do some search to find the latest one if a particular URL is moved to a new 
location. 



S. S. M. Wong 
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Preface to the First Edition 



Nuclear physics is a subject basic to the curriculum of modern physics. There are 
several good reasons for this to be so. First and foremost is the intrinsic interest of 
the subject itself: The study of atomic nuclei has historically given us many of the 
first insights into modern physics. Furthermore, the potential of future discoveries 
remains very promising. Second, nuclear physics is closely associated with several 
other active branches of research: particle physics, in terms of the large overlap of 
interests in fundamental interactions and symmetries, and condensed matter physics, 
through the many-body nature of the problems involved. Third, nuclear physics may 
be usefully applied to other fields: chronology in geophysics and archaeology, tracer 
element techniques, and nuclear medicine, just to name a few. 

The diversity of interest in nuclear physics also makes it very difficult to cover the 
entire subject in any satisfactory manner; some philosophy and guiding principles had 
to be adopted in selecting the material to be presented. The basic principle used for 
this book was to include what I believe every serious student of physics should know 
about the atomic nucleus. It was not always possible to live up to this principle. First, 
an appreciation of nuclear physics today will require not only a good knowledge of 
quantum mechanics and many-body theory but also quantum field theory. This, in 
general, is too much to expect for the average reader and some sacrifice must be made. 
Second, there are many interesting techniques, both experimental and theoretical, that 
form a part of the subject itself. Any reasonable coverage of these technical aspects 
will greatly expand the size of the book and make it useless in practice. 

On the other hand, it is not possible to give a true flavor of nuclear physics without 
some background in quantum mechanics. In preparing this volume I have assumed 
that the student has the equivalent of a one-year undergraduate course in quantum 
mechanics or is taking concurrently an advanced quantum mechanics course at the 
level of one of the textbooks listed as general reference at the end. A basic knowledge 
of electromagnetic theory is also assumed; it is, however, unlikely that the background 
required here will be a problem to most students. 

Some effort has been devoted to make the book as self-contained as possible. For 
this purpose, references to the literature are kept to a minimum. A specific paper 
published in scientific journals is mentioned only if a direct quotation is taken from it 
or if there is some historical interest associated with it. If references are needed, the 
first preference has been given to books that are readily available. However, this is 
not always possible. As a second choice, review articles are cited because a student 
starting out in the field may better comprehend this type of article than the original 
paper. Conference proceedings are used only as a last resort since it is difficult to expect 
standard libraries to be stocked with the multitude of proceedings published every year. 
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One result of adhering to this philosophy is that very few of the excellent papers of 
iny colleagues have been cited. I have also had some difficulty in selecting standard 
textbooks for reference in subjects such as quantum mechanics, classical mechanics, 
electromagnetism, and statistical mechanics. Here, I have relied purely on my own 
biases without guidance from a general philosophy, as I have done with papers. 

One decision that had to be made concerns the system of units used for equations 
involving electromagnetism. The Systeme International (SI) or meter-kilogram-second 
(inks) system would have been the more correct choice since essentially all students 
have been exposed to it and are more likely to be familiar with it. However, many of 
the advanced treatments on the subject, and nearly all the standard references on the 
topic in subatomic physics, are written using centimeter-gram-second (cgs) units, It is 
therefore more practical to use the latter system here so that it is easier for a reader to 
make use of other references. For the convenience of those who are more comfortable 
with SI units, most of the equations (except those in §V.2) have the necessary additional 
factor enclosed in large square brackets to convert the expressions to SI units. In 
most cases, it is possible to write the equations involving electromagnetism in a form 
independent of the system of units by making use of the fine structure constant a and 
by measuring charge in units of e, the absolute value of charge carried by an electron, 
and magnetic dipole moment in units of )i N , the nuclear magneton. 

The book is aimed at physics students in their final year of undergraduate or first 
year of graduate studies in nuclear physics. There is enough material for a one-year 
course though it could be used for a one-semester course by leaving out some of the detail 
and peripheral topics. The selection of material is guided in part by current interests 
in the field; no attempt has been made to give a complete account of everything that 
is known in nuclear physics. However, sufficient knowledge is provided here so that a 
student may then go to the library and obtain information on a particular nucleus or 
a special aspect of a topic. 



S. S. M. Wong 




Chapter 1 
Introduction 



Nuclear physics is the study of atomic nuclei. From deuteron to uranium, there are 
almost 1700 species that occur naturally on earth. In addition, large numbers of others 
are created in the laboratory and in the interior of stars. The main force responsible for 
nuclear properties comes from strong interaction. However, both weak and electromag- 
netic interactions also play important roles. For these reasons, nuclear physics serves 
as an important platform where basic properties of subatomic matter can be examined 
and fundamental laws of physics can be studied. We shall in this chapter give a brief 
history of the subject, its role in modern physics, and some of the general properties of 
nuclei we wish to study before going on into more detailed examinations in subsequent 
chapters. 

1-1 Brief Early History of Nuclear Physics 

The beginning of nuclear physics may be traced to the discovery of radioactivity in 1896 
by Becquerel. Almost by accident, he noticed that well-wrapped photographic plates 
were blackened when placed near certain minerals. To appreciate the significance of this 
discovery, it is useful to recall that the time was before the era of quantum mechanics. 
The only known fundamental interactions were gravity and electromagnetism. In fact, 
just before the end of the nineteenth century, most of the observed physical phenomena 
were considered to be well understood in terms of what we now refer to as classical 
physics. Radioactivity was one of the few examples of unsolved problems. It was 
through the desire to understand these “exceptions” to otherwise well-established set 
of physical laws that gave birth to modern physics. 

Two years after Bacquerel’s discovery, Pierre and Marie Curie succeeded in sepa- 
rating a naturally occurring radioactive element, radium ( Z — 88), from the ore (pitch- 
blende). Soon afterward, it was realized that the chemical properties of an element were 
changed by such activities. When a source was placed in a magnetic field, it was found 
that there were three different possible types of activity, as the trajectories of some of 
the “rays” emitted were deflected to one direction, some to the opposite direction, and 
some not affected at all. These were named a-, /?-, and 7-rays, as nothing more was 
known about them until much later. Subsequently, it was found that a-rays consist of 
positively charged 4 He nuclei, /Trays are made of electrons or positrons, and 7-rays are 
nothing but electromagnetic radiation that carries no net charge. 
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The existence of the nucleus as the small central part of an atom was first proposed 
by Rutherford in 1911. Later, in 1920, the radii of a few heavy nuclei were measured by 
Chadwick and were found to be of the order of 10" 14 m, much smaller than the order 
of 10 -10 m for atomic radii. The experiments involve scattering o-particles, obtained 
from radioactive elements, off such heavy elements as copper, silver, and gold, and 
the measured cross sections were found to be different from values expected of the 
Rutherford formula for Coulomb scattering off point charges. 

The building blocks of nuclei are neutrons and protons, two aspects, or quantum 
states, of the same particle, the nucleon. Since a neutron does not carry any net 
electric charge and is unstable as an isolated particle, it was not discovered until 1932 
by Chadwick, Curie, and Joliot. The only charged particles inside a nucleus are protons, 
each of which carries a positive charge of the same magnitude, but opposite in sign, as 
an electron, Since only positive charges are present, the electromagnetic force inside a 
nucleus is repulsive and the nucleons cannot be held together unless there is another 
source of force that is attractive and stronger than Coulomb. Here we have our first 
encounter with strong interaction. 

Both gravitational and electromagnetic forces are infinite in range and their inter- 
action strengths diminish with the square of the distance of separation. Clearly, nuclear 
force cannot follow the same radial dependence, else nucleons in one atom would have 
felt the attraction of those in nearby atoms. Being much stronger, it would have pulled 
the nucleons in different nuclei together into a single unit and destroy all the atomic 
structure we arc familiar with. In fact, nuclear force has a very short range, not much 
beyond the confine of the nucleus itself, in marked contrast to the fundamental forces 
that were familiar at the time. 

In 1935, Yukawa proposed that the force between nucleons arises from meson ex- 
change. This was the start of the concept of field quantum as the mediator of funda- 
mental forces. The reason that nuclear force has a finite range comes from the nonzero 
rest mass of the mesons exchanged. In contrast, the field quantum for electromagnetic 
force is the massless photon and, for gravitational force, the graviton. With the in- 
troduction of quantum chromodynamics, we come to realize that the Yukawa picture 
of meson exchange is only an effective theory for the force between nucleons. The 
fundamental force responsible for nuclear properties is the strong interaction between 
quarks. Most of this interaction is restricted to between the quarks inside a nucleon 
with gluons as the field quanta. However, some small "residue” goes outside and gives 
us the interaction between nucleons. This is very similar to chemical interactions. Even 
though atoms and molecules are electrically neutral, small remanents are found in the 
electromagnetic force between the atomic nucleus and its surrounding electrons, and 
these give rise to the wide diversity of chemistry around us. 

For the nucleons inside a nucleus, nuclear force is far stronger than that due to elec- 
tromagnetic interaction, as can be seen from the comparisons of the relative strengths, 
or coupling constants, made in Table 1-1. This presented some difficulties in under- 
standing spontaneous a-particle decay of some heavy nuclei in the early part of the 
twentieth century. If the interaction is strong, how can a-decays have such long life- 
times? For example, nuclei such as 23, U (ri/j = 4.47 x 10 9 years) were created before 
the solar system was born and must have half-lives comparable to or longer than the 
age of the earth or else it cannot be found as ores today. The solution of the puzzle is 
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Table 1-1: Fundamental interactions. 
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quantum-mechanical tunneling, a direct evidence of the wave nature of particles, as we 
shall see later in §4-10. 

Before the discovery of the neutron, it was assumed that a nucleus is made of 
protons and electrons. The presence of electrons inside the nucleus was made necessary 
for the following reason. The electric charge of a nucleus is, without exception, some 
integer multiple of e, the absolute value of the charge on an electron. Let us use Z to 
represent this integer. At the same time, the nuclear mass is essentially given by some 
integer A times the proton mass m p . In the case of the hydrogen nucleus, we have 
Z — A — 1. For a nucleus made of A protons (as neutrons were not known), the charge 
should have been Ae. Instead, it is observed to be Ze, with Z < A for all nuclei beyond 
hydrogen. To get around this difficulty, it was proposed to include A — Z electrons in 
the nucleus to “neutralize” some of the proton charges. 

This simple model fails when we include more data into our study. Nuclei with 
odd number of nucleons (A = odd) are known to have half-integer value spins, the 
total angular momentum and intrinsic spin of all the nucleons. On the other hand, 
nuclei with even A have integer value spins. Since particles with half-integer spins 
are fermions, particles that obey Fermi-Dirac statistics, an odd- A nucleus must be a 
fermion. Both electrons and protons are also fermions by virtue of the fact that their 
intrinsic spins are half integers. An electron and a proton may be combined to form an 
electrically neutral object, but their total spin is an integer and the combined object, 
as a result, cannot be a fermion. If there were no neutrons, the question of whether the 
spin of a nucleus takes on integer or half-integer values would have to be determined 
entirely by whether Z is even or odd. This is not found to be true in practice, and a 
model of the nucleus made of protons and electrons cannot be correct, as it violates 
the fundamental relationship between spin and quantum statistics. 

The same quantum statistics consideration comes into play also in the discovery 
of the neutrino in ,3-decay. A free neutron is more massive than a proton and decays 
into a proton with a half-life of about 10 min. To conserve charge, an electron is 
emitted. However, this cannot be the complete picture, as all the particles involved are 
fermions. Furthermore, there are some difficulties with energy conservation as well. In 
nuclei, /3-decay can transform one of the protons in the nucleus to a neutron with the 
emission of a positron and one of the neutrons to a proton by emitting an electron. The 
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electrons and positrons are found to have a continuous spectrum of energy up to some 
maximum value known as the end-point energy. This seemed, on the surface, to violate 
energy conservation, as there is a definite energy difference A E between the parent and 
daughter nuclei. If the final state of the decay involves only two particles, an electron 
and the much more massive daughter nucleus, the kinetic energy of the electron is 
essentially fixed and completely specified by conservation of energy and momentum in 
the reaction. A continuous distribution of electron kinetic energy violates this simple 
argument. The neutrino was proposed by Pauli in 1931 and used by Fermi in 1933 to 
explain the puzzle. In addition to the electron or positron, a neutrino is also emitted 
in nuclear /1-decay. It was not observed in the reaction because it carries no charge and 
very little, if any, rest mass. This “unobserved” fermion is even more elusive than the 
neutron: It hardly interacts with any other particles and is so light that even today we 
are still uncertain whether it is massless or not. 

The concept of parity violation, the first one of a series of “broken” symmetries 
found in physics, was confirmed through nuclear //-decay. Both strong and electromag- 
netic interactions are known to conserve parity, i.e., experiments give the same results 
whether they are viewed in right-handed coordinate systems or left-handed coordinate 
systems. In the early 1950s, it was almost unthinkable to doubt that weak interaction 
should be any different from the other known ones, and certainly there were no rea- 
sons to suspect that parity needs to be treated any differently. However, there were 
baffling experimental data involving particles which seemed to be identical except for 
their decay modes. The concept of parity violation, proposed by Lee and Yang in 1957, 
was confirmed by a //-decay experiment using 60 Co in which it was observed that more 
electrons were emitted with momentum components opposite to the orientation of the 
nuclear spin than along it (for more details see §5-5). This is a clear violation of the 
invariance of operations under space inversion, i.e., a reflection through the origin of 
the coordinate system used. Violation of parity has led to a better understanding of 
the weak interaction itself, and the concept of broken symmetry opens a new horizon 
for us to view fundamental laws of physics. 

1-2 What Is Nuclear Physics? 

Since nuclei are involved in a wide variety of applied and pure research, nuclear physics 
overlaps with a number of other fields. In particular, it shares common interest with 
elementary particle physics in many respects. For example, the study of quark-gluon 
plasma in relativistic heavy-ion collisions involves both particle and nuclear physics. 
In astrophysics, stellar evolution and nucleosynthesis are intimately related to low- 
energy nuclear reaction rates, and the subject is of interest to nuclear physicists as well 
as astrophysicists. Many applications of nuclear properties, such as nuclear energy, 
nuclear medicine, tracer element techniques, involve a knowledge of nuclear physics, 
and nuclear physicists are often involved in the development of these areas. A broad 
definition of nuclear physics will therefore include far too much material than a single 
volume can reasonably cover. For our purpose, we shall only be concerned with the 
core of nuclear physics, its place as an integral part of modern physics, and its relation 
with some of the closed related disciplines. 

The primary aim of nuclear physics is to understand the force between nucleons, 
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the structure of nuclei, and how nuclei interact with each other and with other sub- 
atomic particles. These three questions are, to a large extent, related with each other. 
Furthermore, their interests are not necessarily confined to nuclear physics alone. 

Nuclear force, One may argue that, since nuclear force is only one aspect of the strong 
interaction between quarks, all we need to do is to understand quantum chromodynam- 
ics (QCD), the theory for strong interaction. This is, however, not the complete picture. 
Nuclear interaction operates at the low-energy extreme of QCD where the interaction 
is strong and most complicated. This is one reason why studies in particle physics 
are often carried out at high energies where things are believed to be far simpler and 
we have a chance to unravel the mystery of the fundamental force between quarks. 
Needless to say, we do not yet understand strong interaction anywhere as well as, for 
example, electromagnetic interaction. In fact, studies made on nuclei constitute some 
of the best means to clarify certain aspects of QCD. 

Even a thorough knowledge of QCD may not solve the problem of nuclear force. 
Again we can make an analogy with chemistry. All chemical interactions between 
atoms and molecules are electromagnetic in nature. However, this does not mean that 
we can calculate the structure of a DNA molecule starting from Maxwell’s equations. 
The same is true between the fundamental strong interaction and nuclear force. We 
need QCD to provide us with an understanding of the foundation of nuclear force — 
any practical applications in nuclei must still come from a direct knowledge of the 
interaction among nucleons. It is also very likely that, from an operational point of 
view, strong interaction is too complicated to be applied directly to nuclei, and nuclear 
force derived from studies made on nuclei may be far more convenient to use in practice. 

Nuclear structure. Nuclei are usually found in their individual ground states, by 
virtue of the fact that these are the lowest ones in energy. However, in the laboratory, 
and in the interior of stars, energy can be injected into nuclei to promote them to excited 
states. Besides energy, other properties for many of these states, such as electromagnetic 
moments and transition rates, can also be observed. In addition, /3-decay, nucleon 
transfer, fission, and fusion transform one nuclear species to another. The study of 
these quantities supplies us with information on the structure of nuclei. In addition to 
its intrinsic values, nuclear structure can also provide us with the “data” on the nature 
of nuclei and the forces acting on the system. 

From a quantum mechanics point of view, nuclear structure studies, for the most 
part, may be classified as bound state problems. Given an interaction, solution to 
the eigenvalue problem provides us with the energy level positions and wave functions. 
From the eigenfunctions, we can calculate matrix elements of operators corresponding 
to observables. The interaction of primary concern here is the strong force between 
nucleons. The effect of Coulomb force, in many cases, can be treated as perturbation 
to the predominant nuclear interaction. This comes, in part, because of the simple 
radial dependence of electromagnetic force, in contrast to that for strong interaction. 
On the other hand, weak interaction has extremely short range and, for all practical 
purposes in nuclear physics, may be treated as a zero-range, or “contact,” interaction. 
Its presence is mainly felt in /3-decay and related processes. 

We are, however, faced with several difficulties here. The first is that nuclear 
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interaction is not well known. In fact, the interaction between nucleons bound in nuclei 
can be somewhat different and, perhaps, even simpler than nucleon- nucleon interaction 
in general. For this reason, an important part of nuclear structure studies involves 
effective potentials between bound nucleons. A second difficulty is the Hilbert space 
that must be used to obtain a solution, In principle, the dimension is infinite. To 
reduce the problem to a tractable one, sever truncations are necessary. It is possible to 
compensate in part the errors introduced in making the calculation within a restricted 
space by adjusting, or “renormalizing,” the interaction. We shall see in Chapter 7 that 
we have quite a bit of success in understanding nuclear structure by proceeding in this 
way. 

Most of our information is obtained from studies made on stable nuclei for the 
simple reason that they are far easier to handle in the laboratory. Since this is a very 
special group among all the possible ones that can be formed, it is likely that our 
knowledge is biased. Furthermore, unstable nuclei form important intermediate steps 
in nucleosynthesis and are crucial in stellar evolution. With the advent of radioactive 
beams, large quantities of a variety of short-lived “exotic” nuclei will soon become 
available to enrich our data bank on nuclear structure. 

Nuclear reaction. In nuclear reactions, we study the behavior of nuclei in the relation 
with other subatomic particles. From a quantum mechanics point view, it is primarily a 
scattering problem. There are several marked differences from nuclear structure studies. 

First, it involves kinematics, and the results depend very much on the reaction 
energy as well. Besides elastic scattering, we can have inelastic processes that lead to 
different final states and create particles not present in the initial state. In addition, 
the reaction may also be sensitive to any momentum dependence of the interaction 
between particles. 

Second, the probe itself is often a complex object and may be modified by the 
reaction. For example, when a light ion, such as 16 0, is used to scatter off a nuclear 
target, both the incident and target nuclei may be excited or transformed into other 
particles. This complicates the analysis as well as opens up new channels for nuclear 
studies. 

A third aspect is that the scattering problem involving strong interaction is perhaps 
too complicated to be solved. In fact, for many purposes, the complete solution may 
not be of interest. The study of reaction theory is developed, to a large extent, because 
of such interests in strong interaction processes. Unfortunately, the topic can be rather 
formal at times. For our purpose, we shall only make very limited use of this vast 
resource in Chapter 8. 

A good example among those of current interest is heavy-ion reactions. At low en- 
ergies, the reaction creates a large number of exotic nuclear states that further enhance 
our knowledge of nuclear physics. At the other extreme of ultra-relativistic energies, it 
allows us to study the fundamental strong interaction itself. 

Understanding nuclear structure and nuclear reaction is interesting and important 
by its own merits. However, the benefit goes beyond nuclear physics. We have al- 
ready seen examples of new insight in terms of quantum-mechanical tunneling from 
nuclear a-decay, in confirmation of parity nonconservation using nuclear ,3-decay, and 
in using relativistic heavy-ion collision to create quark-gluon plasma. As an integral 
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part of modern physics, nuclear phenomena can give and have given deep insight in 
understanding physics. The possibility is only limited by our imagination. 

1-3 General Properties of Nuclei 

The intense activity in the last century has resulted in a large body of knowledge on 
nuclear physics. We shall summarize in this section some of the general properties that 
are basic to the subject. 

Valley of stability. Stable nuclei are found with proton number Z = 1 (hydrogen) 
to Z = 82 (lead). There are, however, a few minor exceptions, and we shall come back 
in Chapter 9 to see the significance of some of these in astrophysics. For each proton 
number, there are usually one or more stable or long-lived nuclei, or isotopes, each 
having a different number of neutrons. Since the chemistry of an element is determined 
by the electrons outside the nucleus and, hence, the number of protons inside, the 
chemical properties of different isotopes are fairly similar to each other. However, 
since they are made of different neutron numbers N, their nuclear properties are quite 
different. 

The only unstable nuclei found naturally on earth are those with lifetimes com- 
parable to or longer than the age of the solar system (~5 billion years) or as decay 
products of other long-lived species. However, in stars, unstable nuclei are being cre- 
ated continuously by nuclear reactions in an environment of high temperature and high 
density. Many short-lived nuclei are also made in the laboratory, including those with 
more nucleons than the heaviest ones found naturally on earth (see e.g., [84]). A list 
of known elements together with their chemical names and abbreviations is given in 
Table 1-2. 

To a first-order approximation, stable nuclei have N = Z, with neutron number 
the same as proton number. The best example is perhaps the A = 2 system. Here, we 
find that the only stable nucleus is the deuteron, made of one proton and one neutron. 
Di-proton and di-neutron are both known to be unstable. From this observation we 
can conclude that the force between a neutron and a proton is attractive on the whole, 
but not necessarily that between a pair of neutrons or a pair of protons. 

As we go to heavier nuclei, the number of protons increases. Since Coulomb force 
has a long range, its (negative) contribution to the binding energy increases quadrati- 
cally with charge. In contrast, nuclear force is effective only between a few neighboring 
nucleons. As a result, the attractive contribution increases only linearly with A. To 
partially offset the Coulomb effect, stable nuclei are found with an excess of neutrons 
over protons. The neutron excess ( N - Z) increases slowly with nucleon number A. 
For example, the most stable nucleus for Z = 40 is 90 Zr with N = 50. The neutron 
excess in this case is 10. For Z = 82, we find 2l)6 Pb as the most stable isotope with 
N = 126, a neutron excess of 44. For Z > 82, all the known nuclei are unstable. If 
we view the (negative of) nuclear binding energy as a function of N and Z, the stable 
and long-lived nuclei are found in a valley in such a two-dimensional plot, as shown in 
Fig. 1-1. This is sometimes referred to as the “valley of stability,” At low values of N 
and Z , the bottom of the valley lies along the line with N — Z. As we go to heavier 
nuclei, the valley shifts gradually to N > Z. 
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Table 1-2: Known elements. 



Symbol 



H 
He 
Li 
Be 
B 
C 
N 
8 ! 0 



Hydrogen 

Helium 

Lithium 

Beryllium 



14 Si 



17 Cl 

18 Ar 

19 K 

20 Ca 

21 Sc 

22 Ti 

23 V 

24 Cr 

25 Mn 

26 Fe 

27 Co 

28 Ni 

29 Cu 

30 Zn 

31 Ga 

32 Ge 

33 As 

34 Se 

35 Br 

36 Kr 

37 Rb 

38 Sr 



Fluorine 



Magnesium 50 

Aluminum 51 

52 

Phosphorus || 53 
54 

Chlorine II 55 
56 

Potassium 57 

Calcium 58 

Scandium 59 

Titanium 60 

Vanadium 61 

Chromium 62 

Manganese 63 

64 



Gallium 

Germanium 

Arsenic 

Selenium 

Bromine 





Rubidium 

Strontium 


1 



Symbol 


Name 


Y 


Yttrium 


Zr 


Zirconium 


Nb 


Niobium 


Mo 


Molybdenum 


Tc 


Technetium 


Ru 


Ruthenium 


Rh 


Rhodium 


Pd 


Palladium 


Ag 


Silver 


Cd 


Cadmium 


In 


Indium 


Sn 


Tin 


Sb 


Antimony 


Te 


Tellurium 


I 


Iodine 


Xe 


Xenon 


Cs 


Cesium 


Ba 


Barium 


La 


Lanthanum 


Ce 


Cerium 


Pr 


Praseodymium 


Nd 


Neodymium 


Pm 


Promethium 


Sm 


Samarium 


Eu 


Europium 


Gd 


Gadolinium 


Tb 


Terbium 


Dy 


Dysprosium 


Ho 


Holmium 


Er 


Erbium 


Tm 


Thulium 


Yb 


Y tterbium 


Lu 


Lutetium 


m 


Hafnium 


Ta 


Tantalum 


W 


Tungsten 


Re 


Rhenium 


Os 


Osmium 



Z Symbol Name 



Iridium 

Platinum 

Gold 

Mercury 

Thallium 

Lead 

Bismuth 

Polonium 

Astatine 

Radon 

Francium 

Radium 

Actinium 

Thorium 

Protactinium 

Uranium 

Neptunium 

Plutonium 

Americium 

Curium 

Berkelium 

Californium 

Einsteinium 

Fertnium 

Mendelevium 

Nobelium 

Lawrencium 

Rutherfordium 

Dubnium 

Seaborgium 

Bohrium 

Hassium 

Meitnerium 

J7, 110 

272 m 

277 112 



The newly identified elements of Z = 110 to Z = 112 have not yet been assigned official names. 
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Figure 1-1: Distribution of stable and long-lived nuclei as a function of neutron 
and proton numbers. Stable nuclei are shown as filled squares and they exist be- 
tween long-lived ones (empty squares) that are unstable against /3-decay, nucleon 
emission, and a- particle decay. 



In most cases, the number of stable nuclei for a given N, Z, or A is fairly small, 
and the lifetimes of unstable ones on both sides of the stable ones decrease rapidly 
as we move away from the central region. For nuclei with a few more neutrons than 
those in the valley of stability, //“-decay by electron emission is energetically favored. 
Similarly, for nuclei with a few “extra” protons, the rates of /? + -decay by positron 
emission determines their lifetimes. As the number of neutrons or protons becomes too 
large compared with those for stable nuclei in the same region, particle emission takes 
over as the dominant mode of decay and the lifetimes decrease dramatically as strong 
interaction becomes involved. By the time we get to the upper end (large N and Z) of 
the valley of stability, nuclei become unstable toward a-decay and fission as well. 

The local variations in the “width” of the valley of stability, that is, the number 
of stable nuclei for a given Z, N, or A, reflect finer details in the nature of nuclear 
force. For example, there are more even-even (even N and even Z) stable nuclei than 
odd-mass and odd-odd nuclei, a result of pairing interaction, to be discussed in more 
detail in Chapter 7. There, we shall also see the reason why the largest numbers of 
stable nuclei are found near the “magic numbers.” 

Binding energy. A more detailed examination of the binding energies of stable nuclei 
shows some additional interesting features. For simplicity, let us consider only the 
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most stable nucleus for a given nucleon number. The binding energy, E B (Z,N ), is the 
amount it takes to remove all Z protons and N neutrons from the nucleus and is given 
by the mass difference between the nucleus and the sum of those of the (free) nucleons 
that make up the nucleus, 

E B (Z,N) = {ZM H + NM n -M(Z,N)}c 2 (1-1) 

Here M(Z, N) is the mass of the neutral atom, Mh is the mass of a hydrogen atom, 
and M„ is the mass of a free neutron. It is conventional to use neutral atoms as the 
basis for tabulating nuclear masses and binding energies, as mass measurements are 
usually carried out with most, if not all, of the atomic electrons present. 

Because of the short-range nature of nuclear force, nuclear binding energy, to a 
first approximation, increases linearly with nucleon number. For this reason, it is more 
meaningful to consider the binding energy per nucleon, E B (Z,N)/A, for our purpose 
here. The variation as a function of nucleon number for the most stable member of each 
isobar is shown in Fig. 1-2. The maximum value is around 8.5 MeV, found at A « 56. 
For heavier nuclei, binding energy per nucleon decreases slowly with increasing A due 
to rising Coulomb repulsion. As a result, energy is released when a heavy nucleus 
undergoes fission and is converted into two or more lighter fragments. This is the basic 
principle behind nuclear fission reactors. For light nuclei, the reverse is true and energy 
is released by fusing two together to form a heavier one. This is the main source of 
energy radiated from stars and the cause behind nucleosynthesis of elements up to 
A ss 56. 




Figure 1-2: Average binding energy per nucleon as a function of nucleon number 
A for the most stable nucleus of each nucleon number. 



The sharp rise in the binding energy per nucleon for light nuclei {A < 20) comes 
from increasing number of nucleon pairs. A closer examination shows that the trend 
is not a smooth one and the values are larger for the 4 n nuclei, those with A = \ x n 
for n = 0, 1,2, ... . Since N = Z for these light, stable nuclei, the 4 n nuclei may be 
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viewed as if they are made of a-particles. The fact that their average binding energies 
per nucleon are larger than their neighbors implies that nucleons like to form a-particle 
clusters in nuclei. This can be seen quantitatively by looking at the values for nuclei, 
with 2 < A < 25, shown in Table 1-3. For the 4 n nuclei, the difference between the 
total binding energy and the sum of those for n a-particles is also given: 

AE = E B (N,Z)-nE B CKe) 

For n = 2, we find that the value is negative, showing that s Be is unstable with respect 
to a-particle emission. For the others in the list, the value increases with n. In fact, 
if we divided A E by the number of a-particle pairs, given by n(n — l)/2, the result 
is roughly constant, with a value around 2 MeV. This gives us a picture that, at least 
for light nuclei, a large part of the binding energy lies in forming a-particle clusters, 
around 7 MeV per nucleon, as can be seen from the binding energy of 4 He. The much 
smaller reminder, around 1 MeV per nucleon or 2 MeV between a pair of a-clusters, 
goes to the binding between clusters. This phenomenon is usually referred to as the 
“saturation of nuclear force.” That is, nuclear force is strongest between the members 
of a group of two protons and two neutrons, and as a result, nucleons prefer to form 
a-particle clusters in nuclei. It is a reflection of a fundamental symmetry of nuclear 
force, known as SU 4 or Wigner supermultiplet symmetry. As the number of nucleons 
increases, the “excess” in binding energy per nucleon of 4n nuclei is no longer visible. 
Beyond 16 0, the increase in the binding among four nucleons in forming a cluster is 
averaged over a larger number of nucleons in the simple way we are examining the 
question here. However, the saturation effect persists to heavy nuclei. This may be 
seen by the local increase in the energy required to take away a nucleon, shown later 
in Fig. 7-2. 



Table 1-3: Binding energies (MeV) for some stable light nuclei. 



Symbol 


E b 


E b /A 


A E 


Symbol 


Eg 


Eb/A 


Symbol 


E b 


Eb/A 


2 H 


2.22 


1.11 


— 


3 H 


8.48 


2.83 


3 He 


7.72 


2.57 


4 He 


28.30 


7.07 


— 


5 He 


27.41 


5.48 


5 Li 


26.33 


5.27 


6 Li 


32.00 


5.33 


— 


7 Li 


39.25 


5.61 


7 Be 


37.60 


5.37 


8 Be 


56.50 


7.06 


-0.09 


9 Be 


58.17 


6.46 


9 B 


56.31 


626 


10 B 


64.75 


6.48 


— 


n B 


76.21 


6.93 


n C 


73.44 


6.68 


I2 C 


92.16 


7.68 


7.27 


13 C 


97.11 


7.47 


13 N 


94.11 


7.24 


14 N 


104.66 


7.48 


— 


,S N 


115.49 


7.70 


15q 


111.96 


7.46 


16q 


127.62 


7.98 


14.44 


17 o 


131.76 


7.75 


> 7 F 


128.22 


7.54 


18p 


137.37 


7.63 


— 


19p 


147.80 


7.78 


19 Ne 


143.78 


7.57 


20 Ne 


160.65 


8.03 


19.17 


2! Ne 


167.41 


7.97 


21 Na 


163.08 


7.77 


22 Na 


174.15 


7.92 


— 


23 Na 


186.57 


8.11 


23 Mg 


181.73 


7.90 


24 Mg 


198.26 


8.26 


28.48 


25 Mg 


205.59 


8.22 


25 A1 


200.53 


8.02 
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Nuclear radius and nuclear density. In addition to binding energy, the general 
trend of nuclear size shows also a simple dependence on nucleon number. For the most 
part, the nuclear radius is given by 



R = r 0 A l/3 



( 1 - 2 ) 



with ro = 1.2 fm (1 fm, or femtoineter, equals 10 -15 m). This means that the volume is 
linearly proportional to A and that the nucleons are not compressed in size in spite of 
the large forces acting between them. In fact, one has to go to some extreme situations, 
such as a black hole or during the collapse of a large star prior to a supernova explosion, 
before nucleons can be compressed much beyond what is known as the nuclear matter 
density p 0 ~ 0.16 ± 0.02 nucleons/fm 3 , a value that is 3 x 10 14 times the density of 
water. We can also arrive at the same order of magnitude from the fact that the mass 
of a neutron star is typically around 1 solar mass (~10 30 kg) and the radius roughly 
10 km. 

In finite nuclei, the average density is somewhat smaller than p 0 . Using Eq. (1-2), 
we arrive at p ~ 0.12 nucleons/fm 3 . This is attributed to a large diffused surface region 
where the density drops off to zero more or less exponentially. For many purposes, the 
radial distribution of nuclear density may be represented by a Wood9-Saxon form, 



p(r) 



Po 

1 + exp{(r - c)/z} 



(1-3) 



Here z is a parameter that measures the “diffuseness” of the nuclear surface, with 
typical values around 0.5 fm, and c is the distance from the center to the point where 
the density drops to a half value. Some of the typical values found in nuclei are listed 
later in Table 4-1 



Nuclear shape. For stable nuclei, the nuclear shape is essentially spherical. As we 
shall see later in §4-9, this is an effort to minimize the surface energy, in analogy to a 
drop of fluid. However, small departures from spheres are observed, for example, in the 
region 150 < A < 190. One way to quantify these “deformations” is to use the ratio 




where R is the average nuclear radius given by Eq. (1-2) and, for the case of an ellipsoidal 
shape nucleus, Aft is the difference between semi-major and semi- minor axes. For a 
sphere, A ft = 0. In nuclei, the typical value of 6 does not exceed 0.1 for low-lying 
states. However, large deformations can be created in the laboratory by fusing two 
nuclei together. In this way, values of 6 around 0.6 (that is, semi-major axis twice the 
semi-minor axis) have been observed. This is the case of superdeformation, to which 
we shall return in §9-2. 

One of the reasons for nuclear deformation is the competition between Coulomb 
and nuclear forces. Since the strength of the Coulomb force is inversely proportional 
to the square of the distance, a nucleus can decrease its total energy (and increase its 
binding energy) by putting protons as far away from each other as possible. For the 
same volume, a deformed shape is preferred as a result. Nuclear force, on the other 
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hand, tries to keep the shape spherical so that the short-range attraction can be more 
effective. Since nuclear forces are stronger, light nuclei on the whole are spherical. 
However, once we go to intermediate values of A and beyond, the saturation property 
cuts off further increase in the binding energy per nucleon with increasing A due to 
nuclear force. As a result, slight deformation can actually increase the binding energy 
by decreasing the Coulomb contribution. 

Density of excited states. The binding energy defined in Eq. (1-1) is only that for 
the ground state of a nucleus. In general, a nucleus has a number of excited states 
as well. For these states, it is customary to use a slightly different scale and measure 
the energies relative to the ground state as the zero point. If we examine the spectra 
for different nuclei, we find that each one is sufficiently unique that it can be used as 
a signature to identify the nucleus, similar to the case of atomic spectra. In spite of 
the individual characteristics, there are certain general features in the distribution of 
excited states that are worth noting. 

Nuclei are made of nucleons. Being fermions, Pauli exclusion principle demands 
that each nucleon must occupy a different single-particle state. In the limit that inter- 
actions can be ignored, the ground state of a nucleus is one with nucleons filling up all 
the single-particle states in order of their energies, starting from the lowest one. This 
is similar to a Fermi gas, one with all the molecules made of identical, noninteracting 
fermions. At zero temperature, the fermions settle in the lowest possible single-particle 
states and the energy of the highest filled one is known as the Fermi level. The only 
way to put excitation energy into such a system is to promote some of the particles 
below the Fermi surface to the unoccupied ones above. At low excitations, there is 
only enough energy to put a few such particles from states just below the Fermi surface 
to those just above. As there are not too many different independent ways to carry 
out this operation, the density of states, the number of excited states per unit energy, 
is small. As we increase the excitation energy, more particles can be promoted and 
the number of different ways to form many-body states increases, resulting in higher 
level density. Based on such a simple picture, Bethe [30] in 1937 obtained the following 
formula for the density of states at excitation energy E: 

"( £ )=i o- 4 ' 

generally known as the Fermi gas model formula. The quantity a is the level-density 
parameter. A derivation of Eq. (1-4) can be found, for example, in Ref. [152]. 

Interaction between nucleons modifies the energy spectrum from such a simple, 
smooth form. The location of each excited state is now a complicated function of 
the nuclear interaction and the nucleons. Nevertheless, the general form given by the 
Fermi gas model remains to be essentially correct. The main effect of interaction may 
be separated into two parts. The first is a change in the relative positions of individual 
levels. From a certain point of view, we can say that the interaction introduces a 
“fluctuation” in the spectrum over the smooth form given by the Fermi gas model. 
Depending on one’s interest, the fluctuations can be all that is important in a study if 
one’s focus is on the position of a particular level or a group of levels. On the other 
hand, if the concern is with general features, such as the amount of energy that can 
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be stored in an excited nucleus under certain conditions, only the smooth part of the 
spectrum is of primary importance. 

A second consequence because of interaction is a shift in the energy scale by some 
amount A. Since excitation energy is measured from the ground state, any change to the 
latter produces a constant shift of the whole spectrum. In general, interaction tends to 
lower the ground state energy from the value given by a noninteracting model. Because 
of such a change in the energy scale, the level-density formula in many applications 
takes on the form 

(1 - 5 > 

This is known as the back-shifted Fermi gas model formula. Here, both a and A are 
considered as adjustable parameters to be determined by fitting to known data [53]. 
An example for the nucleus 56 Fe is shown in Fig. 1-3. 



Figure 1-3: State density of 56 Fe 
obtained using Eq. (1-4) (smooth 
curve) and an independent par- 
ticle model (staircase). The ob- 
served values (shaded histogram) 
are lower than the calculated ones, 
as the ground state energy is de- 
pressed by two-body correlations. 
This effect may be accounted for 
by the back-shifted Fermi gas for- 
mula given in Eq. (1-5). 




Scattering cross section. In studying atomic nuclei, we often resort to scattering of 
one particle off another. This comes from the necessity that we are examining objects 
of dimension on the order of femtometers (10~ 15 in). The wavelength of visible light, 
on the other hand, is much longer, on the order of 10 -7 m. To go down to length scales 
of interest to subatomic physics, far shorter wavelengths than visible light and, hence, 
much higher energies are needed, and this can be achieved most readily by scattering. 
A feeling of the energies required in a scattering experiment to reach a given length 
scale may be obtained by examining the corresponding de Broglie wavelength: 



A = 



h 

V 



V—+C 



he 

¥ 



Table 1-4 lists the values for photons, electrons, and protons at typical energies used 
in nuclear experiments. 
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Table 1-4: De Broglie wavelengths of 7 -ray, electron, and proton. 



Energy 

(MeV) 


Wavelength (fm) 


Photon 


Electron 


Proton 


0.1 


1.2x10“ 


3701 


90 




2.5xl0 3 


1421 


40 


1 


1.2xlQ 3 


872 


29 


10 


1.2xl0 2 


118 


9.0 


100 


1.2x10 


12 


2.8 


1,000 


1.2 


1.2 


0.73 


10,000 


1.2X10' 1 


1.2 x IQ -1 


1.1 x 10" 1 



The probability for a projectile scattering off a target particle is usually expressed 
in terms of a quantity called “cross section.” The total cross section a in a reaction 
is defined in the following way: Consider a single incident particle moving outside the 
range of any interaction along a straight line toward the target. If the velocity is v , 
the particle sweeps in time t a cylinder of volume vtA, where A is the area covered by 
the particle. The scattering probability P is given by the ratio of the area block by 
the target particles and A. If the number of target particles per unit volume is n and 
the target thickness is T, the number of target particles “seen” by the beam particle is 
nAT. The scattering probability is then 



nATo 

~~aT 



= crnT 



Since n and T have, respectively, dimensions inverse length cubed and length, the 
total cross section a must have the dimension of length squared, or area, as P is 
dimensionless. 

The total cross section is often not the quantity measured directly in an experiment, 
as it requires all the scattered particle to be detected (hence, the name total cross 
section). The angular distribution of the scattered particles is actually a more useful 
quantity, as it provides us with more information. In the same way as above, we 
can define the differential scattering cross section do/dVl in terms of the probability 
P(9, 4>) for a scattered particle to arrive at a detector that is located at angles (8, <f>) 
and subtends a solid angle Afi at the center of the target by the relation 



The connection between differential and total cross section is given by integrating over 
all solid angles: 

<7= r% dn = r%sin6d6d<f> 

Jo dii Jo Jo die 

In §B-2, we shall redefine the same differential cross section in term of the wave functions 
involved in a reaction. 
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Reaction types. The usual type of final state we wish to deal with in a reaction is 
two body. In other words, before the reaction, we have a projectile particle a incident 
on a target particle A. After the reaction, a particle b is scattered away, leaving behind 
a residual particle B, The reaction may be represented in either one of the following 
two ways: 

A(a,b)B or a + A — >b + B 

For example, if a proton incidents on a 48 Ca target and a neutron is observed to emerge 
from the reaction, the residual nucleus is 48 Sc. The reaction may be written as 

48 Ca(p, n) 48 Sc or p + 48 Ca — » n + 48 Sc 

Other reactions may also take place in bombarding a 48 Ca target by a beam of protons. 
For example, a proton may emerge, leaving the 48 Ca nucleus in an excited state. The 
reaction may be expressed as 

48 Ca(p, p') 48 Ca* or p + 48 Ca -+ p' + 48 Ca* 

Here the asterisk indicates that, after the reaction, 48 Ca is in an excited state and the 

prime on the proton says that the energy is different from the incident amount. 

Each one of these combinations is a different, exit channel for proton- 48 Ca scatter- 
ing, and the possible, or “open,” exit channels are governed by conservation laws and 
selection rules operating in the scattering. In general, the number of open channels 
increases very fast with increasing energy available in the reaction. 

The allowed exit channel is not, restricted to final states consisting of two particles. 
For example, an experiment may be carried out using a deuteron as the incident particle 
instead of the proton in the above example. A possible exit channel may involve a 
breakup of the deuteron into a proton and a neutron. The reaction is represented as 

48 Ca(d, pn) 48 Ca or d + 48 Ca —> p + n + 48 Ca 

To simplify the discussion, we shall for the most part ignore reactions involving three 
or more particles in the final state. Furthermore, the distinction between projectile and 
target nuclei and that between the scattered particle and the residual nucleus is useful 
only in fixed-target experiments in which the target is stationary in the laboratory. 
For colliding beam experiments, in which the two particles in the incident channel 
are moving toward each other, the separation is not meaningful. For most of our 
discussions, we shall be working in the center of mass of the two-body system, and the 
distinction reduces to a simple question of semantics. 

In an elastic scattering, both the incident and target particles remain in their 
original states, usually their respective ground states. Elastic scattering is, in general, 
the simplest from a reaction point of view. For example, elastic scattering of electrons is 
used to map the charge density distribution of a nucleus. Since the interaction is mainly 
electromagnetic, it is possible to infer from the results how nuclear charge distribution 
differs from that for a point particle. 

Inelastic scattering is the process where a part of the incident, kinetic energy is used 
to excite the nuclei involved or to create new particles, The most obvious example is 
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Coulomb scattering where the target nucleus is raised to an excited state by electro- 
magnetic interaction, the inverse of electromagnetic decay. As another example, the 
reaction 

v, + 37 C1 -* e" + 37 Ar 

is the inverse of 0 ~- decay of 37 Ar and is used in detecting solar neutrinos. 

When two nuclei interact, it is possible to transfer one or more nucleons between 
them. For example, if a deuteron is incident on a 16 0 target, the loosely bound neutron 
in the projectile may be attracted by the target nucleus and becomes attached to it as 
a result. The scattered particle is now a proton and the residual nucleus becomes 17 0. 
Such a reaction, 16 0(d,p) 17 0, is called a stripping reaction, as a neutron is stripped 
from the projectile. The inverse is a pickup reaction, for example, l7 0( 3 He, 4 He) 16 0, 
whereby a neutron in the target 17 0 is picked up by the 3 He projectile. The scattered 
particle is now 4 He, and 16 0 becomes the residual nucleus. More complicated nucleon 
transfer reactions may be induced using heavy ions. 

Nuclear fusion may be considered as the extreme of nucleon transfer reactions. In 
this case, two heavy ions are brought into close proximity to each other so that nuclear 
force can act between the nucleons in the two ions, forming a compound nucleus as 
the intermediate state. Under favorable circumstances, some of the excess energy in 
the system may be discarded by emitting 7-rays and nucleons, resulting in a final state 
that may be considered as a nucleus. For example, the yet-to-be named superheavy 
element 277 112 is obtained in this way from the irradiation of \° 2 8 Pb by 3°Zn [84], 

Alternatively, the final state may be an unusual one in a known nucleus. Since the 
collision of two heavy ions often involves large quantities of angular momentum, the 
final state is very likely to retain a significant fraction and ends up in a state of high 
spin. For example, the reaction 'jjjGd^fO^nj^Hf produces 167 Hf nuclei by “fusing” 
16 0 with 155 Gd. Ignoring angular momentum carried away by the four neutrons (and 
several 7-rays), we can make an estimate of the amount available in the final system. If 
the center-of-mass energy of the 16 0 beam is E cm = 75 MeV and the impact parameter 
b — 10 fm, we have the result 



t — mv cm b = b\j2mE cm ~ 80ft 

by starting from the classical definition t = r x p with p — mv. This is sufficient to 
create states of very high spin values, such as —ft, observed in 167 Hf formed in this way. 
For comparison, the ground state spin of 167 Hf is only |ft. The only way for such large 
spins to exist in a nucleus with only 167 nucleons is for a significant fraction of the 
nucleons to act coherently as a single unit. This is an example of collective behavior 
in a nucleus that takes the nuclear shape far from the nearly spherical ones normally 
observed for ground states. 

The usual consideration for creating such exotic states is that the energy involved 
must be sufficiently high to overcome the Coulomb barrier between the two ions. This 
is necessary for the two groups of nucleons to come into contact with each other for 
fusion to take place. At the same time, one does not want to inject any more energy 
into the system than necessary, as any excess has to be discarded in order for the final 
system to live long enough to be detected. The value of E cm = 75 MeV is roughly 
what is used in practice for “light” ions such as ls O. The value of b — 10 fm is also a 
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reasonable choice, as it is essentially half the distance between the centers of the two 
ions when they are just in contact with each other. 

1-4 Commonly Used Units and Constants 

In atomic nuclei, we are dealing with length scales that are extremely small and time 
scales that are extremely short, compared with standard measures in daily life. Instead 
of the meter, a more suitable unit of length, as we have seen earlier, is the femtometer, 
abbreviated as fm (1 fm = 10 ,r ’ m). For example, the typical size of a nucleus is of the 
order of 1 fm. The same is also true for the range of nuclear force. For nuclear reaction 
cross sections, a derived unit, the barn, equal to 10 -28 m 2 , is often used. Typical values 
are often given in millibarns, 10~ 3 b or 10 -1 fm 2 . 

A wide range of time scales enters into nuclear physics. In Table 1-1 we have 
seen that the typical reaction time for strong interaction is 10~ 23 second, or 10~ 23 s 
using the standard abbreviation for seconds. At the other end of the scale, we find 
naturally occurring radioactive elements that were made prior to the formation of the 
solar system. The lifetimes of these radioactive nuclei must be of the order of 10 9 years 
or longer, as anything with much shorter lives would have almost completely decayed 
away. 

For states that live on the order of 10 -15 to 10 -23 s, the width of its energy distri- 
bution F is sometimes used to characterize the lifetimes. Because of the uncertainty 
principle, ABAt = ft, a state that lives only for a time At can have its energy measured 
only up to an uncertainty no better than A E ~ ft/At. This gives a width F — h/T in 
the probability distribution of the observed energy of the state. Here, T is the lifetime, 
or mean life, of the state. Since ft = 6.58 x 10 22 MeV-s, lifetimes of the order of 10 -23 s 
correspond to F of the order of 100 MeV, and a time scale on the order of 10~ )6 s 
corresponds to a width on the order of 1 eV. 

The mass of a nucleon is 1 .67 x 10 -27 kg, with neutrons more massive than protons 
by about 0.14%. A convenient unit for mass is the atomic mass unit, commonly abbre- 
viated as u, or amu, and 1 u is 1.6605402 x 10 -27 kg. It is defined using the neutral 
12 C atom as the standard, 

u = maS3 ° f ^ — = ~ = 1.6605402(10) x 10" 27 kg = 931.49432(28) MeV/c 2 

where N A = 6.0221367(36) x 10 26 (kg mol) -1 is Avogadro’s number and the values 
inside the parentheses indicate the uncertainties in the last digits. In terms of atomic 
mass unit, the masses of a free proton and a free neutron are, respectively, 

M v = 1.007276470(12) u M n = 1.008664898(12) u 

By definition, the mass of 12 C is exactly 12 u. 

Since binding energy is a small fraction of the rest mass energy of a nucleus, atomic 
masses in atomic mass units are usually not very different numerically from the number 
of nucleons A = N + Z. It is sometimes convenient to express nuclear masses in terms 
of the mass excess, A (Z,N) (also referred to on occasions as mass defect), defined in 
the following manner: 

A (Z, N) = {M(Z, N) in u - A} x 931.49432 MeV 
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where multiplication by 931.49432 converts the quantity from atomic mass units to 
energy units in MeV. For a hydrogen atom, the mass excess is 

A (H) = (1.007276470 - 1) x 931.49432 + 0.51110 = 7.2891 MeV 
and for a free neutron, 

A (n) = (1.008664904 - 1) x 931.49432 = 8.0713 MeV 

Given the mass excess of a nucleus, the binding energy in Eq. (1-1) may be expressed 
as 

E b (Z, N) = ZA{H) + iVA(n) - A (Z, N) 

In some tables of binding energy, the values are given in terms of mass excesses. 

Instead of mass, it is sometimes preferable to work in terms of the equivalent rest 
mass energy. The commonly used unit of energy in nuclear physics, as we have already 
seen, is MeV, or million electron-volts, and 1 MeV is 1.60217733 x 10 -13 J. For example, 
the rest mass energy of a neutron is 939.56563 MeV. For some of the higher energy 
events, it is more suitable to use instead GeV (10® eV), which is 1000 times larger 
than MeV. For example, the order of magnitude for a nucleon mass is 1 GeV. A few 
other derived units are also in use to measure other nuclear properties, such as nuclear 
magneton pti for magnetic dipole moment. We shall define each one of them as they 
appear in the discussion. 

Universal constants, such as Planck’s constant h, speed of light c, and electric charge 
e, enter quite often into calculations involving nuclei. For electric charge, we shall use e, 
the charge carried by a proton as the unit. For Planck’s constant, h = hj 2n turns out 
to be more convenient on most occasions. In fact, the combination he = 197.3 MeV-fm 
enters naturally in a variety of calculations. For example, in our earlier discussion on 
de Broglie wavelength, the calculation can be carried much easier in terms of he in the 
following way: 

, h 2nhc 2irhc 

= p~ ~Vc ~E~ 

Here p is the momentum and E the energy of the particle. Similarly, in our estimate 
of the angular momentum £ carried by two colliding heavy ions at impact parameter b, 
the value in units of h may be evaluated as 

£ , , \/2mE \/2 mc 2 E 

- = mv 0 b = b — - — = b - 

h h he 

We see that, in the final expression, the mass is converted into rest mass energy me 2 
and the denominator becomes he. 

Formulas involving electromagnetism are complicated by the fact that both centi- 
meter-gram-second (cgs) and Systeme International (SI) units are in common usage. 
We shall write them with an “extra” factor in square brackets that “converts” the 
equation from cgs units to SI units. That is, the equation is in cgs units if the factor is 
not there and in SI units if included. Thus, electrostatic potential Vc{R) between two 
point particles, one with charge ze and the other with Ze, separated by distance R, is 
given by 
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The formula is in cgs units if the factor in square brackets is ignored and in SI units 
when the factor is included. To avoid any dependence on the system of electromagnetic 
units adopted, we can make use of the fine structure constant 



« = 
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47TCQ 
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137 



to replace factors in Eq. (1-6) that depend on the system adopted, Thus, we can write 






In the final form, R is given in terms of femtometers so that we can use the numerical 
value ahc « 1.44 MeV-fm. In a similar way, the Coulomb energy for a spherical nucleus 
with Z protons and radius R is given by 
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(1-7) 



Here, we assume that the charge is distributed evenly throughout the spherical volume. 
The final form of the expression excludes the Coulomb energy associated with each one 
of the Z individual protons. 



Problems 

1-1. Given that the radius of a nucleon inside a nucleus is R = 1.2 fm, calculate the 
density of nuclear matter. From this, evaluate the radius of the sun (mass = 
2 x 10 3 ° kg) if it collapses into a neutron star without losing any of its present 
mass. 

1-2. From the uncertainty relation, find the minimum kinetic energy of a nucleon in 
208 Pb. Use R = 1.2ri'/ 3 fm for nuclear radius. 

1-3. If the cross section for neutrino interaction with iron is a « 10 -48 m 2 , find the 
mean free path of a neutrino in solid iron. 

1-4. Use conservation of energy and momentum to calculate the maximum kinetic 
energies for electrons released in the decay of a free neutron, 

n —> p + e~ + V e 
and in the decay of a free muon, 

V c 

Consider the particles are initially at rest in the laboratory. 

1-5. If the density distribution of 184 W is given by the form shown Eq. (1-3), find the 
average density of the nucleus using the values of c and z given in Table 4-1. 

1-6. For 56 Fe, the level-density parameter is found to be a — 7.2 MeV -1 . Evaluate the 
level density of 5G Fe at excitation energy E = 20 MeV. 




Chapter 2 

Nucleon Structure 



All nuclei are made of neutrons and protons, the two lightest members of the baryon 
family. Nucleons are, however, not elementary particles. Partly for this reason, a sig- 
nificant fraction of the present-day interest in nuclear physics is related in one way or 
another to the underlying quark’s degree of freedom. Such a study is, in turn, a part 
of the larger subject of quantum chromodynamics (QCD), the study of quarks and the 
interaction between them. It is still too early at this stage of the development of QCD 
to demand a complete description of nuclear physics starting from first principles; nev- 
ertheless, an understanding of the nucleus cannot be achieved without some awareness 
of quarks and their interactions. We shall attempt here only an introduction to certain 
aspects of strong interaction essential to nuclear physics. 

There are also good practical reasons to examine the relationship between quarks 
before those between nucleons. One of the dominant considerations in subatomic 
physics is the role of symmetries. In this respect, there are many similarities and 
connections between quarks and nucleons, as expected. In some cases it is easier to 
study these symmetry principles using quarks rather than nucleons, in part because the 
number of quarks inside a hadron is much more restricted than the possible number of 
nucleons inside a nucleus. For this reason as well, we shall devote a large part of this 
chapter to the symmetry relations between strongly interacting fermions using quarks 
as an example. 

2-1 Quarks and Leptons 

The search for the fundamental building blocks of all matter in the universe has always 
been a central issue in physics. As our understanding of physical laws improves, our 
view changes on what constitutes the elementary particles, particles that cannot be 
made as composites of others. These days, the accepted view is that all matter is 
made of quarks and leptons. The only additions to the list are photons, W ± and Z° 
bosons, gluons, and gravitons, particles mediating electromagnetic, weak, strong, and 
gravitational interactions, respectively. 

Quarks. Quarks are the basic building blocks of hadrons, particles interacting with 
each other through strong interaction. In nuclear physics, we are mostly concerned with 
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the lightest members of the hadron family: nucleons, which make up all the nuclei, and 
pions, which constitute the main carriers of nuclear force. There are six different kinds, 
or flavors, of quarks: u (up), d (down), c (charm), s (strange), t (top), and b (beauty, 
or bottom). These six particles may be arranged according to their masses into three 
pairs, with one member of each pair having a charge |e and the other -ie, as shown 
in Table 2-1. 



Table 2-1: Quarks and leptons. 



Quarks 


Qh= 1 


net. 




d s b 


Leptons 


Q/e=- 1 


e fi t 


Q/e= 0 


v e V T 



Since quarks have not been observed in isolation — they appear either as bound 
quark-antiquark pairs in the form of mesons or bound groups of three quarks in the form 
of baryons — the names assigned to them, up, down, strange, etc., are only mnemonic 
symbols to identify the different species. The word “flavor” is used, for convenience, 
to distinguish between different types of quark, not because it has anything to do with 
taste. Besides flavor, quarks also come in three different colors, for example, red, green, 
and blue. Color and flavor are quantum-mechanical labels, or quantum numbers, very 
similar to spin and parity, required to differentiate between the different states in which 
a quark finds itself. Since there are no classical analogues to flavor and color degrees 
of freedom, there are no observables that can be directly associated with them. In 
this respect, they are similar to the parity label of a state which must be “observed” 
through indirect evidence. For quarks, observation of any of their properties is made 
even harder by the fact that they appear only in groups of two or more. However, there 
is by now a large amount of evidence for the presence of flavor, color, and other degrees 
of freedom associated with quarks, and we shall examine some of these properties in 
this chapter. 

Leptons. Although quarks make up the bulk of observed mass in the universe, they are 
not the only elementary building block of particles with finite rest masses. Leptons, or 
light particles, are not made of quarks. They participate in electromagnetic and weak 
interactions but not in strong interaction. The number of different types of known 
leptons is also six and can also be arranged into three pairs, as shown in Table 2-1. 
The electron (e), the muon (/(), and the tau lepton (r) carry a charge — e each, but the 
electron neutrino (u e ), the muon neutrino (t/,,), and the tau neutrino (u r ) are neutral. 
The masses of leptons are much less than those of quarks, with m e c 2 = 0.511 MeV, 
m (I c 2 = 10G MeV, and m T c 2 = 1784 MeV. The neutrinos are known to be much lighter 
and their rest masses may even be zero. A large amount of effort has been devoted 
in recent years to measuring the mass of v c . The best estimate at the moment is that 
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it is a few electron-volts or less, although much larger values for the upper limit have 
also been reported. For the other two types of neutrinos, only the upper limits of their 
masses are known: m Vft < 0.25 MeV and m„ r < 70 MeV. 

In nuclear physics, leptons make their presence felt through nuclear /?-decay and 
other weak transitions. In general, only electrons and electron neutrinos are involved; 
occasionally muons may enter, such as in the case of a muonic atom where a muon 
replaces one of the electrons in the atom. Because of its larger mass and its more 
recent discovery, the r-lepton has yet to enter nuclear physics studies. 

Lepton number conservation. The number of leptons is conserved in a reaction. 
For example, a free neutron decays with a lifetime of 886.7 ± 1.9 s through the reaction 

n -* p + e~ +V e (2-1) 

The bar over v e indicates that it is an electron antineutrino, the antiparticle of an 
electron neutrino. On the left-hand side of the equation, only a neutron is present. 
Since there is no lepton, we can assign L — 0 as its lepton number. On the right- 
hand side of the equation, we have one electron, which carries a lepton number L — 1. 
An antiparticle is given a particle number of the same magnitude as the particle with 
which it is associated but with the opposite sign. This is necessary since an antiparticle 
can annihilate a particle to form a state with no particle. Hence, the lepton number 
of V e is -1. The total lepton number on the right-hand side of Eq. (2-1) is then 
L = l + (-l) =0. With these assignments, we find that the lepton number is conserved 
in the reaction. 

Conservation of lepton numbers in Eq. (2-1) depends on the recognition that the 
neutral lepton produced in the reaction is observed to be an antineutrino rather than a 
neutrino. This is not merely a gimmick to balance the lepton number of the two sides of 
the equation. The two types of neutrinos, v e and V r , are two different particles, related 
to each other by a transformation between a particle and its antiparticle, or charge 
conjugation. Electron neutrinos, v c , can be obtained, for example, from the reaction 

Pbound -* n + e + + i/ e (2-2) 

Such a process is not energetically possible for a free proton, the nucleus of a hydrogen 
atom, as a free neutron is more massive ( M„c 2 = 939.566 MeV) than a free proton 
( M p c 2 = 938.272 MeV). However, a proton bound within a nucleus, Abound, can undergo 
the reaction of Eq. (2-2). The necessary energy conservation is now between the parent 
nucleus, having the bound proton as one of its nucleons, and the daughter nucleus 
containing the neutron. As long as there is enough energy difference between the parent 
and daughter nuclei to create the two leptons, a positron e + and an electron neutrino 
u e , the reaction is possible (see §5-5 for detail). Since a positron is the antiparticle of 
an electron, its lepton number L = — 1. To conserve charge, the charged lepton on the 
right-hand side of Eq. (2-2) must be a positron, and to conserve lepton number, the 
reaction must be accompanied by an electron neutrino in the final state. 

If v e and V t were the same particle, we could make use of the electron neutrino 
obtained from the reaction given by Eq. (2-2) to induce the inverse of that of Eq. (2-1), 

I'e 4 -p -> e + + n (2-3) 
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To conserve charge, the charged lepton on the right-band side must be a positron with 
L = -1. However, the reaction is not observed to take place. On the other hand, the 
reaction 

F e + p — ► e + + n (2-4) 

is observed. This establishes that and V e are two different particles as well as confirms 
that the lepton number is conserved (see §5-6 for more detail). In fact, the conservation 
of leptons (i.e,, that leptons cannot be created or annihilated except in pairs each one 
consisting of a lepton and an antilepton) is a fundamental conservation law, not too 
different from the conservation of energy and momentum. Our convention of assigning 
lepton numbers starts by giving L = +1 to an electron. Once this is fixed, all the other 
lepton numbers are determined by conservation requirements. 

Particles that are distinct from their antiparticles are called Dirac particles. This is 
to distinguish them from Majorana particles, which are the same as their antiparticles. 
As we shall see in §5-6, one of the interests in double /3-decay, nuclear decay through the 
emission of two electrons or positrons, is to find out whether neutrinos can be Majorana 
particles. So far all the evidence seems to suggest that they are strictly Dirac particles. 

The conservation of lepton numbers applies separately to each one of the three 
groups of leptons, e and v , , p and Vp , and r and u T . That is, the number of leptons in 
the electron family L ( , the number of leptons in the muon family Lp, and the number 
of leptons in the tau family L T are conserved separately in a reaction. For example, 
muons decay with a mean life of 2.2 ps through the reaction 

p~ -► c~ + V' + Up (2-5) 

Since only a muon appears on the left-hand side of this reaction, we have L e = 0 and 
Lp = 1 (as well as L T — 0). On the right-hand side, the muon number is conserved 
by the presence of v, t . The electron number must also be zero on the right-hand side 
to conserve L t , and this requires P e to appear with e~. The fact that the reaction 
produces two neutrinos, a muon neutrino and an electron antineutrino, rather than, for 
example, v c and V e or two 7 -rays, is good evidence for the conservation of L c and Lp 
separately. For most interests in nuclear physics we are concerned primarily with the 
leptons in the electron family. 

Baryon number conservation. The number of quarks of each type, u, d , s, etc., 
is also conserved in strong interaction processes. That is, one type of quark cannot 
be changed into another. The exception happens in weak interaction processes. This 
is equivalent to saying that flavor is a good quantum number only in the limit that 
weak force can be ignored. Unless we are dealing with the quark contents of hadrons, 
it is more convenient to examine instead the baryon number, which is known to be 
conserved under the influence of weak interaction as well. The only exception is the 
possible decay of protons through reactions such as 

p — e+ + tt° (2-6) 

allowed under theories for grand unification of all forces. At present, the observed limit 
on the lifetime of a proton is longer than 10 25 years. As a result, we shall not be 
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concerned with this possibility and we shall take the baryon number to be conserved 
in all the reactions of interest to us. 

There is no conservation law for the number of mesons. If there is enough energy 
available, they can decay into other mesons, baryon and antibaryon pairs, lepton and 
antilepton pairs, or 7-rays. The lightest members of the meson family are the pions 
with rest mass around 140 MeV/c 2 . It is stable on the time scale of strong interaction, 
as it cannot decay into another hadron. However, through weak interactions, charged 
pions decay predominantly to muons, 

7T + -» n + + v u 7T" -> n~ + V u (2-7) 

with a mean life of 2.6 x 10 -8 s, and a neutral pion decays 99% of the time to two 
7-rays, 

tt° -+ 7 + 7 (2-8) 

with a mean life of 8.4 x 10~ 17 s. Both lifetimes are much longer, by something around 
6 to 14 orders of magnitude, than the typical time scale for strong interactions. Note 
also that in all three modes of decay the lepton numbers are conserved and, as we shall 
see later, the total number of quarks is also conserved. 

2-2 Quarks, the Basic Building Block of Hadrons 



Quark masses. Among the six quarks listed in Table 2-2, the least massive members 
are the u- and d-quarks. These two are believed to have essentially the same mass, 
in the range of a few MeV/c 2 . The lightest baryons, nucleons and A-particles, and 
the lightest mesons, pions, must be made exclusively of these two quarks and their 
antiquarks. The s-quark is more massive. The unique feature of the s-quark is that it 
carries a quantum number called strangeness and is therefore a necessary constituent 
of particles with nonzero strangeness, such the A-mesons, or kaons, and the baryon 
A. The c-quark is even more massive. It was first found through the discovery of the 
J/r/j- meson in 1974 as a narrow resonance in the annihilation of a positron with an 
electron at 3.1 GeV center-of-mass energy. Since a meson is made of a quark and an 



Table 2-2: Quantum numbers of quarks. 
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A: baryon number t: isospin S: strangeness 

C: charm B: beauty T: top 
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antiquark, a new quark, heavier than u, d, and s, the three known at the time, must 
be postulated in order to understand this new meson. This is the c-, or charm, quark, 
having a mass far greater than those of u, d, and s. The existence of the c-quark was 
subsequently confirmed by other experiments, including the discovery of excited states 
of The birth of the c-quark prompted the search for even heavier quarks. In this 
way, the presence of a 6-quark was found in the T-meson at 10 GeV. The mass of the 
f-quark has only been measured recently [97]. At the same time, one may also wonder 
whether there is a fourth generation of quarks beyond the three known ones. 

Associated with each quark there is an antiquark. All the known hadrons are made 
of these six quarks and their antiquarks. The properties of quarks are deduced from 
measurements made on mesons and baryons, as observations on isolated quarks cannot 
be carried out. The masses, magnetic moments, and other properties of quarks are 
inferred from what we know of the properties of mesons and baryons (see, e.g., [22]). 
Currently, our ability to make such deductions relies on our incomplete understanding of 
QCD. It is especially inadequate at low energies, where the majority of the experimental 
observations are made. For example, to obtain the masses of quarks from the known 
hadron masses, we need to know the strength of the interaction between quarks that 
binds them inside the hadron. Since this is poorly known, the quark masses listed in 
Table 2-2 represent only the best estimates and may or may not be closely related to 
their true masses. Furthermore, different ways of making the estimate result in different 
values. 

Fermions and bosons. Hadrons are subdivided into two classes, baryons and mesons. 
Besides nucleons, we have A, A, and a large number of heavier particles in the baryon 
family. Among mesons, we have already encountered pions, kaons, J/i/>, and T, and 
there are many others. 

Baryons are distinguished by the fact that they are fermions, particles that obey 
Fermi-Dirac statistics. Because of this property, two identical baryons cannot occupy 
the same quantum-mechanical state. The fact that baryons are fermions implies that 
quarks must also be fermions, as it is impossible to construct fermions except from odd 
numbers of fermions. Furthermore, if we accept that a quark cannot exist as a free 
particle, the lightest fermion in the hadron family must be made of three quarks. 

As fermions, baryons must have half-integer intrinsic spins. For example, the in- 
trinsic spin of a nucleon is i and that of a A-particle is |. This implies that quarks 
must also have half-integer intrinsic spins. In addition, the quarks are residing in states 
with definite orbital angular momenta, just like electrons in an atom. The energy of 
three quarks in a baryon depends on the interaction between them and this, in turn, 
depends on the total spin and angular momentum. We shall come back for a brief look 
of this question later in the quark model of hadrons (§2-7). 

Among the baryons, we are mostly concerned with the lightest pair, the neutron and 
the proton. From charge considerations alone, we can deduce that a proton, carrying a 
charge -f e, must be made of two n-quarks, each having a charge of |e, and one d-quark, 
— je. The quark wave function of a proton may be represented as 



|p) = | uud) 



(2-9) 
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Similarly, the quark wave function of a neutron is 

| n ) = | udd ) (2-10) 

so that the total charge of a neutron in units of e is | — | — | = 0. Nuclear physics is 
usually not concerned with any of the heavier baryons, except perhaps for A- and A- 
particles. This comes because we are normally dealing with very low-energy phenomena, 
a few giga-electron-volts per nucleon or less. As a result, there is usually inadequate 
energy to excite nucleons to become heavier baryons. 

Bosons, particles obeying Bose-Einstein statistics, may be made from even number 
of fermions. This means that mesons are constructed of an even number of quarks. 
Since, on the one hand, bosons can be created or annihilated under suitable conditions 
and, on the other hand, the number of quarks is conserved in strong interaction pro- 
cesses, a meson must be made of an equal number of quarks ( q ) and antiquarks ( q ). 
The simplest meson is, therefore, made of a quark-antiquark pair ( qq ). For example, 
pions, the lightest members among the mesons, are made of a quark, either u or d, and 
an antiquark, either u or d. 

Quark charge. Many hadrons are observed to carry electric charge. This leads to the 
conclusion that quarks must also carry charge. In nature all observed charges are in 
multiples of e = 1.60217733 x 10 -19 C, with the charge on an electron being —e and on 
a proton +e. The most convenient assignment of charge to the quarks is for u-, c-, and 
t-quarks to have +|e and d-, s-, and 6-quarks to have — |e. The assignment of multiples 
of |e to quarks seems, on the surface, to violate the notion that e is a fundamental or 
indivisible unit of charge. However, there is no reason to assume that |e cannot be the 
more fundamental unit instead of e. Furthermore, there is no problem, as quarks do 
not exist freely and all the observed charges are in integer multiples of e. 

2-3 Isospin 



The nucleon. A proton and a neutron may be considered as two different aspects of the 
same particle, the nucleon. Both of them have spin | and their masses, 939.566 MeV/c 2 
for a neutron and 938.272 MeV/c 2 for a proton, differ only by about 0.1%. The main 
distinction between these two particles is in their electromagnetic properties: namely, 
charge and magnetic dipole moment (see §2-8). If we are dealing only with strong 
interactions, such differences are immaterial. That is, in the absence of electromag- 
netic interaction, a proton cannot be distinguished from a neutron. This is similar to 
the case of particles with different values of m,, projections of the intrinsic spin s on 
the quantization axis. Consider a spin-1 particle. In the absence of a magnetic field 
B, particles with the two possible values, ±|, of m, are degenerate in energy and, 
consequently, are indistinguishable from each other. On the other hand, once a mag- 
netic field is introduced, the degeneracy is removed and particles are observed to have 
different energies depending on whether their intrinsic spins a are aligned parallel or 
antiparallel to B. The difference between a proton and a neutron is analogous to the 
difference between particles with m, = if we substitute the Coulomb field with a 
magnetic field. 
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If protons and neutrons are considered as identical particles, we need a new label to 
distinguish between them. For this purpose, the concept of isospin is introduced. Since 
there are only two possible states for a nucleon, the proton state and the neutron state, 
we can assign isospin t = | to a nucleon, based on the analogy that a spin-| system 
can have two different substates. The two nucleons are distinguished by t 0 = ±|, 
the expectation value of the third component of isospin operator t. It is a matter of 
convention whether we consider the | ) state t0 ^e a proton state and the 

| f=j,to=-j) state to be a neutron state, or the other way around. Both conventions 
are in use and we shall adopt the more popular one with 

|p) = |t=i,f 0 =+i) |ti) = |t=i,f 0 =-i) (2-11) 

where | p ) and | n ) represent, respectively, the wave functions of a proton and a neutron. 
For a nucleus consisting of several nucleons, the total isospin is given by the vector sum 
of that for each individual nucleon, 

T= £ t(i) (2-12) 

1=1 

where A is the number of nucleons. This is identical to the rule for angular momentum 
addition. 

In the absence of electromagnetic interaction, we expect isospin to be a constant 
of motion. That is, the eigenstates of the Hamiltonian can also be the eigenstates of 
< 2 , the square of the isospin operator, as well as the third component to. As a result, 
each eigenstate may also be labeled by t and to, with t(t + 1) as the expectation value 
of t 2 and t 0 1 that of t a for the eigenstate. In dealing with nuclei, the main source of 
isospin symmetry breaking comes from Coulomb interaction that acts only between 
protons. A less severe but nevertheless noticeable source is the difference between the 
masses of the neutral and charged mesons exchanged between two nucleons (see §3-6). 
The possibility of more fundamental isospin-breaking terms in the nuclear force, for 
instance, due to a possible small difference between the masses of u- and d-quarks, is 
not yet well established but has not been completely ruled out either. 

From a purely mathematical point of view, spin and isospin are similar in structure. 
Let us concentrate on isospin- 1 systems for the moment and study them by analogy 
with spin-| systems. A particle with s = | and projection along the quantization axis 
m = may be represented by a two-component column matrix in the following way: 

|s=l,m=+A) = (J) (2-13) 

Similarly, the corresponding m = — 1 state may be represented as 

^ (2-14) 

The isospin wave functions of nucleons may be written in an analogous way, 

Ip) = M, <«=+!) = (J) (2-15) 

I") = M.*o=-5) = 



( 2 - 16 ) 
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where the subscript t, which we shall omit in the future unless required for reasons of 
clarity, identifies that the column matrices are for isospin. Using the convention that 
a proton has t 0 = +| and a neutron has f 0 = - 5 , we can relate the charge number Q, 
electric charge in units of e, for a nucleon to to, 

Q = t o+l 

When we extend the concept of isospin to antiparticles and to systems of several nu- 
cleons, the relation between Q and to depends also on A, the number of baryons in the 
system, 

Q = t 0 + \A (2-17) 

A more general relation involving strangeness and other quantum numbers is given 
later in Eq. (2-37). 

Isospin operators for t — | systems can be constructed from Pauli matrices cr in 
the same way as angular momentum operators for a spin - 5 system. For example, we 
can write 




for the x-, y-, and 2 -components of isospin operator r. The matrices obey the relation 

T t Tj — ie tjk r k (2-19) 

Here I is the 2 x 2 unit matrix and e ijk is the three-dimensional Levi-Civita symbol, 
with e tJ k = 1 if the order of i, j , and k is an even permutation of 1, 2, and 3; —1 if the 
order is an odd permutation; and zero if two or more of the three indices are the same. 

For a nucleon it is easily seen that the wave functions given by Eqs. (2-15) and (2-16) 
are the eigenfunctions of the r 3 operator, or r 0 operator in spherical representation, 

<)-<)- (l OD-O 

0-0- (l -!)(!)-(!) 

The value of the third component of isospin, < 0 , is equal to half of the expectation value 
of t 0 , the same relation as that between m, and <r 0 for spin-| particles. By the same 
token, the expectation value of r 2 is 3, four times the value of t(t + 1) for a nucleon. 

From the form of r given in Eq. (2-18), we can construct isospin-raising (r + ) and 
isospin-lowering (r_) operators that transform, respectively, a neutron to a proton and 
a proton to a neutron, 

r+ = |(ri + rr 2 ) = J) t_ = §(n - ir 2 ) = J) (2-20) 

In the same way as angular momentum raising and lowering operators, r ± changes the 
value of tg without affecting isospin t or any other parts of the wave function, 



r±\t, t 0 ) = sjt(t + 1) - t 0 (t 0 ± 1) |Mo±l) 



( 2 - 21 ) 




30 



Chap. 2 Nucleon Structure 



The definition used here for r + and t_ is the more general form used in textbooks and 
differs slightly from the convention for spherical tensor operators given in §A-2. 

For nuclei made of several nucleons, isospin operators may be constructed out of 
the single-nucleon operators J, 17 , t 2 , and tq (= T 3). For example, 

To^Ero(t) (2-22) 

L i=i 

where r 0 (i) acts only on the isospin wave function of the tth nucleon. 

The usefulness of isospin is not restricted to the economy gained in treating formally 
a proton and a neutron as two different states of the same particle. Since isospin is 
a constant of motion in strong interaction processes, it is a fundamental symmetry, 
essentially on the same footing as flavor, parity, etc. Isospin is useful in classifying 
hadrons in general. For example, as we shall see in §2-5, pions come in three different 
charge states, tt + , 7r°, and n~. They may be treated as the three projections, <0 — +1. 
0, -1, of an isospin t — 1 system. Since pions are not baryons, the baryon number 
.4 = 0. We see that the relation between charge number Q and the third component 
of isospin given in Eq. (2-17) holds here as well. In §2-7 we shall see the case of a 
quartet of baryons, the A-particles, that appear in four different charge states, A ++ , 
A + , A 0 , and A - , with charge number Q = 2, 1, 0, -1. It is therefore a t = | system of 
baryons. We shall return later for a discussion of the isospin wave function of hadrons 
and nuclei. 

2-4 Isospin of Antiparticles 



Particles and antiparticles. An antiparticle may be characterized by the property 
that it can annihilate the particle with which it is associated. Energy and momen- 
tum conservation are maintained in the process, for example, by the emission of two 
q-rays or the creation of a different particle-antiparticle pair. Since the final state of 
an annihilation process is electrically neutral, a particle and its antiparticle must have 
opposite charges to conserve electric charge. For example, an electron has charge -e, 
and its antiparticle, the positron, has charge +e. Similarly, the conservation of other 
scalar quantum numbers, such as lepton number and baryon number, requires the cor- 
responding labels for particles and antiparticles to be equal in magnitude but opposite 
in sign, as we have seen in earlier examples. By the same token, the intrinsic parity 
of an antipart.icle is shown in §A-1 to be opposite to that of its particle. For vector 
quantities, such as intrinsic spin and isospin, the rules of angular momentum addition 
require that the magnitudes be the same for a particle and its antiparticle so that they 
can be coupled together to form scalars. 

Let us take the case of proton-antiproton annihilation at rest with the emission of 
two photons as an example: 

p + p — * 7 + 7 

Since a photon is an isospin zero, or isoscalar, particle, the total isospin on the right- 
hand side of the reaction is zero. Conservation of isospin requires that the proton and 
the antiproton are coupled to a T = 0 state on the left-hand side. Since t = | for a 
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proton, the antiproton p must also have t = |. The third component of isospin for a 
proton is f 0 = +1 by the convention we have adopted. For an isoscalar system, the 
sum of the third components of isospin for all the quantities involved must also be zero. 
From this, we conclude that <o = — 5 for an antiproton, the opposite in sign from that 
for its particle. 

We see that the relation between charge number Q and the third component of 
isospin given by Eq. (2-17) applies to antiparticles as well. For an antiproton, the 
baryon number = — 1, and we obtain the correct result of Q = — 1 from Eq. (2-17) 
using < 0 value of —A deduced above. 

Charge conjugation. The operation that transforms the wave function of a particle 
to that of an antiparticle is called charge conjugation. It changes the sign of the 
charge of a particle without affecting any of the properties unrelated to charge. In 
relativistic quantum mechanics, this implies a transformation between a particle and 
its antiparticle, hence the name particle-antiparticle transformation. Let | p ) and | n ) 
represent, respectively, the wave functions of a proton and a neutron. In terms of 
second-quantized creation operators a] to for a particle, we may express these wave 
functions as 

| p) = ajy 2 + i/ 2 |0) | n ) = <4/2,-1/210) (2-23) 

where |0) is the wave function for vacuum. In the expression, we have displayed only 
the isospin ranks and suppressed all other labels for simplicity. The wave functions of 
an antiproton | p ) and an antineutron | n ) may be constructed in a similar way, using 
the creation operator b\ to for an antiparticle, 

|n) = fr{/2 i+1 /2|0) I P) = ^i/2, -1/2 1®) (2-24) 

Here we have made use of the fact that, on transforming a particle to an antiparticle 
(and vice versa), the charge, and hence the projection of isospin on the quantization 
axis, changes sign. If particles and antiparticles are unrelated to each other, a\ to and 
6j (o are completely different operators defined, respectively, by Eqs. (2-23) and (2-24). 
However, particles and antiparticles can transform into each other through charge con- 
jugation, C, and as a result, operators a I and are not independent of each other. 

In addition to isospin (and spin), the wave functions of a particle and an antiparticle 
can also differ by a phase factor. There are several ways to obtain this factor. If we 
take a{, 0 and b} to as operators with a definite irreducible spherical tensor rank t, the 
phase factor is fixed by their transformation properties under a rotation in the isospin 
space. For second-quantized operators, we have the relation 

bl, 0 = (-l)‘-V- t0 (2-25) 

The phase factor arises from the fact that operators a \ to and a t _, 0 are not Hermitian 
conjugates of each other without the factor (— l) ,_t °. (For a more detailed discussion, 
see, e.g., Refs. [34, 50].) 

With the relation between the second-quantized operators given by Eq. (2-25), we 
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find that, under charge conjugation, 

Ip) — c — * (-i) 1/2+1/2 |p) = -|p) 

In) — c— ' ' (~l) ,/2 - 1/2 |n) = +|n) ^ 

The same considerations apply to other particles as well. For example, since a u-quark 
has isospin ranks (Mo) = (§, +§) and a d-quark has ranks (|, -±), the transformations 
to their antiparticles under charge conjugation are 

|n) — (-l)'/2+i/2| c) = _|u) 

\d) c — ' (— 1) ,/2_I/2 | rf) = +| (2 ' 2) 



These phase factors are used in writing the quark wave functions for pions in the next 
section. 

2-5 Isospin of Quarks 

One of the consequences of treating a proton and a neutron as two different isospin 
states of a nucleon is that we can change a proton into a neutron, and vice versa, using 
the isospin lowering and isospin-raising operators given in Eq. (2-20), 



t *'” > - (2 ))Q-(JH , ’> 



In terms of quarks, we have already seen in Eqs. (2-9) and (2-10) that 

| p ) = | vud) | n ) = \udd) 

When we substitute these results into Eq. (2-28), we obtain 

r + \udd) = \uud) r_|uwd) = \udd) (2-29) 

Since a proton and a neutron are considered here to be identical to each other except 
for the third component of their isospin, the other parts of the wave functions are not 
changed by isospin operations. In terms of quarks, the only difference between a proton 
and a neutron is the replacement of one of the two u-quarks by a d-quark. The relations 
expressed by Eq. (2-29), therefore, imply that, when an isospin-raising operator acts 
on the quarks, it transforms a d-quark to a u-quark, and the other way around for an 
isospin-lowering operator. Since no other quarks are involved here, we conclude that 
d- and u-quarks also form an isospin doublet, analogous to the proton-neutron pair. 
Furthermore, since the third component of isospin is a scalar quantity, the sum of t o 
of two u-quarks and one d-quark in a proton must be + j and that of one u-quark and 
two d-quarks in a neutron must be — To satisfy both requirements, we must assign 
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= +| t° a w-quark and to = — \ to a d-quark. The relation between charge number 
Q and t 0 is still given by Eq. (2-17), when we note that a quark has baryon number 
A — |, from the fact that it takes three quarks to make a baryon. 

More formally, we can write the r± operator for a nucleon as the sum of isospin- 
raising or isospin-lowering operators acting on each one of the three quarks, 

3 

t± ( nucleon) — » 

t=i 

where r±(qi) acts on the isospin of the ith quark only. Ignoring for the moment any 
antisymmetrization requirement between the three quarks in a nucleon, we can write 
the first relation of Eq. (2-29) in the following way: 

T+|n) = {t + ( 9 !) + r + (q 2 ) + r+(q 3 )} |u(l)d(2)d(3)) 

where we have assumed that the first quark in the neutron is a u-quark and the re- 
maining two are d-quarks. Since r + | u ) = 0 (a u-quark has t 0 = + 1), the first term 
vanishes. The second and third terms give the results 

r + (<j 2 )|u(l)d(2)d(3)) = |«(l)ii(2)d(3)) 
r + (ft)|u(l)d(2)d(3)) = |u(l)d(2)u(3)) 

Upon antisymmetrization these two terms produce identical results which we shall 
represent generically as |uud). 

Quark wave functions of pions. We can check the isospin assignment to the u- and 
d-quarks by examining the structure of mesons formed of these two quarks and their 
antiquarks. It is simplest to start from n~ with t = 1 and t 0 = -1. Since we cannot 
use any quarks other than u, d, u, and d, the only way to form a f 0 = -1 system is 
to take the ud combination. We can easily deduce that this pair of quarks must form 
a t = 1 system by elimination. Two isospin- 1 particles can only be coupled to total 
isospin 0 and 1. The ud system cannot be t — 0 as it has t 0 = —1. As a result, we can 
make the identification 

|7r) = |ud) (2-30) 

as there is no other way to form a t = 1, t 0 = -1 state with u, d, u, and d. 

In general, it is possible to find several different linearly independent components 
corresponding to the same t and to- The appropriate combination for a given situation 
is guided by isospin-coupling rules. Furthermore, the wave function must be antisym- 
metric among the quarks and is an eigenstate of the Hamiltonian. For our interest in 
this section, we shall only be concerned with isospin coupling. 

From the wave function of tt~, we can construct that for 7r° using an isospin-raising 
operator, 

IO = ^ T +I ir > = Z T +(9.)M) (2-31) 

where N is the normalization factor to be determined later. The operator r + acts on 
the wave function of each quark. We have already seen that 

r + |d) = |«) 



(2-32) 
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However, for the antiquarks, 

r + \u) = -\d) (2-33) 

The additional negative sign comes from the symmetry requirement under charge con- 
jugation, as discussed in the previous section. 

The normalization factor N in Eq. (2-31) may be determined using Eq. (2-21). 
Since | ir~ ) is a t = 1, f 0 = -1 system, 

r + |l,-l) = v/2|l,0) 

we obtain a value N = \f2. The final result for the wave function of 7 r° is then 

k°) = - l rf ^)} (2-34) 

The same result can also be obtained by coupling the isospin of the two particles using 
the Clebsch-Gordan coefficients described in §A-3. Since the values of both coefficients 
to couple two isospin - 1 particles to total isospin 1 are 

( 5 , ±|; 5, T f| 10 ) = 

we obtain the same result as given in Eq. (2-34) after inserting an “extra” minus sign 
arising from the transformation from | d ) to J d ) under charge conjugation. 

The wave function for 7 r + in terms of quarks is 

|ir + ) = -M) (2-35) 

This result may be arrived at either by applying an isospin-raising operator on the 
quark wave function of 7 r° obtained above or by constructing a (t, t 0 ) = (1, -Hi) system 
in the same manner as we have just done for the 7 r~-system, Again, the overall minus 
sign comes from charge conjugation between d and d. 

One question still remains concerning the to = 0 wave function for a quark-antiquark 
pair. There are two different ways, uu and dd, to form a f 0 = 0 state from the two 
quarks and two antiquarks provided. Besides the one given in Eq. (2-34), we can also 
take the linear combination 

|T ?0 ) = -^{|utz) + |dd)} (2-36) 

It is orthogonal to j 7 r° ) and must therefore describe a meson other than 7r°. Both uu 
and dd have to = 0 but a mixture of (Mo) = ( 1 , 0 ) and (Mo) = ( 0 , 0 ). A particular 
linear combination was taken in Eq. (2-34) so as to have the correct isospin of t = 1 for 
the 7 r°-ineson. The linear combination given in Eq. (2-36) is a different one and must 
correspond to an isospin zero system as a result, a fact that can also be seen from the 

explicit values of the Clebsch-Gordan coefficients required to construct a t = 0 system. 

Such an isospin-singlet meson may be identified with the 77 -meson, which has a rest 
mass of 550 MeV/c 2 . 

The four particles, 7 r + , 77 °, 7 r _ , and 77 , exhaust all the observed mesons in the form 
of a quark-antiquark pair that can be constructed out of u, d, u, and d in their lowest 
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possible energy states. To obtain other mesons, we must either introduce excitations 
in the quark-antiquark system or invoke s- and other more massive quarks. We shall 
return to this point later. 

Other quarks. Let us examine briefly the isospin of the other quarks, c, s, t, and b and 
their antiparticles. It is perhaps tempting to assume that each one of the remaining 
two pairs forms also an isospin doublet. This, however, is not the case. As can be 
seen from Table 2-2, these four quarks are isoscalar particles. Two questions are raised 
here: How are the assignments of t = 0 made to these quarks? What is the relation 
between their values of Q and t 0 ? Since quarks are not particles observed in isolation, 
assignment of isospin (as well as other quantum numbers) must be carried out through 
the hadrons they make up. This is what we have done for the u- and d-quarks and we 
shall see how it can be carried out for the s-quarks as an example. 

After u- and d-quarks, the next one in order of increasing mass is the ,s- quark. They 
are found in hadrons with nonzero strangeness 5. For our purpose here we can regard 
5 as a label to identify the number of strange antiquarks in the hadron. The lightest 
strange mesons are the kaons, or A'-mesons. They come as two isospin doublets (t = \ 
systems), one consisting of K + (us) and K°(ds), and the other of K~(us) and 7T°(d.s). 
Since u- and d-quarks have isospin t = A the s-quark must have integer isospin 0 or 
1 in order to form kaons with t = The assignment of t = 1 may be ruled out on 
the grounds that, if this were true, we should be able to form t — | strange mesons, 
for example, made of an s-quark and an antiquark, either 7Z or d. The fact that such 
mesons have not been observed implies that the isospin of the s-quark is zero. The 
assignment of isospin to the other quarks may be carried out in a similar way and we 
shall not go into the steps here. 

With the assignment of t = 0 to the heavy quarks, we need now to modify the 
relation between the charge number Q and t 0 . Equation (2-17) was derived for u- and 
d-quarks and must be changed now, as the other quarks have different relations between 
Q and to- The more general form of Eq. (2-17) is given by 

Q = t 0 + \{A + S + C + B + T) (2-37) 

where assignments of baryon number A, strangeness 5, charm quantum number C, 
beauty quantum number B, and top quantum number T for each of the six flavors of 
quarks are given in Table 2-2. 

2-6 Strangeness and Other Quantum Numbers 

In strong interaction processes, the total number of each type of quark, u, d, s, c, 6, and 
t, is conserved. However, through weak interactions, quarks can be transformed from 
one flavor to another, such as the example shown in Fig. 2-1. In terms of observed par- 
ticles, the flavor degree of freedom in quarks shows its presence by separating hadrons 
into different groups, with transitions between groups allowed only through weak inter- 
actions. As a result, transition rates between members of the same group, characterized 
by the fact that they have the same quark content, are fast and typical of strong inter- 
action processes. On the other hand, transitions between members of different groups 
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Figure 2-1: Transformation of a rf-quark into a u-quark through weak interac- 
tion. The virtual lT _ -boson emitted decays into a pair of leptons, e~ and V e . 

involve the transformation of one type of quark to another and are much slower, with 
lifetimes more typical of weak interaction processes. 

Each group of hadrons is characterized by the number of quarks of each flavor, and 
transitions from one group to another involve a change in one or more of these numbers. 
For example, the A' + -meson, with mass 494 MeV/c 2 , is made of the quark-antiquark 
pair us. The dominant mode of decay, 63.5% of the time, is into leptons, fi + + V 
A less prominent mode, 21.2% of the time, is into a pair of pions tt + + 7r°. In either 
decay mode, the total number of quarks is conserved. However, there is no strange 
antiquark among the end products of the decay. One way to “remove" the strange 
antiquark s without changing the net number of quarks involved is to let it decay to a 
u-quark, which then annihilates with the u-quark in K + to produce a pair of leptons. 
Alternatively, the 7-quark may /3-decay to a S-quark instead and form a part of the 
pions in the end product. The mean life of the /f + -meson, 1.2 x 10“ 8 s, is typical for 
weak decays. 

Strangeness, charm, and beauty. Among the baryons, A is a particle with quark 
content (uds) and mass 1116 MeV. It is produced in reactions such as 

+p -> A + K° 

where the meson K°, with quark structure ds, is the isospin partner of A' + . On the 
left-hand side of the reaction, there is no strange quark, as both 7r“ and p are made 
exclusively of u’s and d’s. On the right-hand side, we see that the presence of an s-quark 
in the A-particle is accompanied by an s in the K° meson. In terms of the observed 
hadrons, we find that the production of a A and other hadrons containing an s-quark is 
always accompanied by another hadron containing an s. This type of association may 
be accounted for by assigning a strangeness quantum number 5 to count the number of 
strange quarks. In strong interaction processes, we say that strangeness is a conserved 
quantity to indicate the fact that the numbers of s and s produced must be the same. 
For historical reasons, an s-quark is assigned S — — 1 and s is assigned S — -FI (and 
S — 0 for all other quarks). 

Similar to strangeness, we can assign a charm quantum number C to account for 
the number of c-quarks, with C. = 1 for a c-quark and C = — 1 for a c-quark (and C = 0 
for all other quarks). To account for the number of 6-quarks, a beauty quantum number 
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B is used with B = — 1 for a 6-quark and B = +1 for a 6-quark (and B — 0 for all other 
quarks). Thus, for example, a hadron with n c-quarks has C = n and a hadron with 
m 6-quarks has B = —m. Whether a quark or an antiquark of a given flavor should 
take on the positive sign for the quantum number representing that flavor is somewhat 
arbitrary. The convention described here is the one commonly used and satisfies the 
relation between Q and to given in Eq. (2-37). 

Earlier, we saw the long lifetime of kaons as an example of strangeness conservation. 
Similarly, long lifetimes of the order 10 -13 s are observed for the analogous situation of 
charm and beauty conservation in the decay of D- and B-mesons, the lightest mesons 
containing, respectively, a c- and 6-quark or their antiquarks. The rest masses of D 
(1869 MeV for D ± ) and B (5278 MeV for B ± ) are, however, much larger than those for 
A-mesons, reflecting the heavier masses of c- and 6-quarks. Relatively long lifetimes are 
also observed for mesons made of heavy quark-antiquark pairs as, for example, those 
shown in Table 2-3. Since these particles are not stable, they are observed as resonances 
when their production cross sections are plotted as functions of the bombarding energy. 
For this reason, it is more common to characterize the stability of such “particles” by the 
widths r of their resonance curves, related to their mean life T through the uncertainty 
relation 




where h = 6.58 x 10 22 MeV-s is the Planck constant. 



Table 2-3: Lifetimes of <j>-, J jit-, and T-mesons. 



Meson 


Rest mass energy 
MeV 


Width 
r (MeV) 


Mean life 
T(s) 


quark 

content 


</> 


1019.41±0.01 


4.43 ±0.05 


1.49xl0~ 22 


SS 


JH> 


3096.88±0.04 


0.087±0.005 


0.75 xlO -20 


cc 


T 


9460.37±0.21 


0.053±0.002 


1.24xlO -20 


66 



It is worthwhile noting that lifetimes for J /ip- and T-mesons are much longer and 
the widths F narrower than expected. This is caused by the special circumstance that 
there is not enough energy available for a J/i/)-particle (cc), with rest mass 3097 MeV/c 2 , 
to decay into a B + (cd) and a D~{cd) particle, the lightest members of quarks containing 
a charm quark, as their combined rest mass energy is 2 x 1869 MeV. Similarly, a T- 
particle (rest mass 9460 MeV/c 2 ) cannot decay to a pair of mesons containing 6-quarks, 
as the lightest pair, a B + {bu) and a B~(bu ), has a combined rest mass energy of 2 x 
5278 MeV. As a result, J/ip and T must decay through much slower processes involving 
three or more lighter hadrons, as shown, for example, in Fig. 2-2(a), and into lepton 
pairs by weak interaction. In contrast, the analogous (6-meson (rest mass 1019 MeV/c 2 ), 
made of ss, can decay to a K + and a K~ with a combined rest mass energy of 2 x 
493.6 MeV. The narrow widths of J/ ip- and T-particles are quite astonishing in view 
of the high energies involved. As a result, they are useful as energy calibrations and 
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K D + D 




Figure 2-2: Example of decay into hadrons for J/ip-me son, made of cc. The 
three-pion process shown in (a) is allowed whereas transition to D + D~ shown in 
(6) is forbidden, as the total mass of the final product is greater than that of 



as signatures of special events in high-energy nuclear physics as, for example, those 
discussed in Chapter 9. 

Color. Besides flavor, each quark has another important degree of freedom, known 
as color. The need of this additional quantum-mechanical label can be seen most 
readily by examining the quark wave function of a A-particle. As we have seen earlier, 
A is an isospin t = | particle with four different charge states, A ++ , A + , A 0 , and 
A~. Since it is a nonstrange baryon (5 = 0), it must be made of u- and d-quarks 
alone. For A ++ , the member with the highest charge state, there is only one possible 
combination of quarks, (uuu), to make a baryon with Q = 2. The intrinsic parity of A 
is knowii to be positive. This, together with other evidence, requires the spatial part 
of the wave function for the three w-quarks in A ++ to be symmetric if we permute 
any two of them. The intrinsic spin of A is | and, hence, the intrinsic spin part of 
the wave function for the three w-quarks is also symmetric. Similarly, the isospin part 
of the wave must also be symmetric in order to have t = §. The net result is that 
the product of space, intrinsic spin, and isospin parts of the wave function for A ++ is 
symmetric under a permutation among the three w-quarks. On the other hand, quarks 
are fermions and the Pauli exclusion principle requires that the total wave function of 
the three identical quarks be antisymmetric with respect to a permutation of any two of 
the three quarks. The wave function we have obtained so far for A ++ is in contradiction 
to this fundamental principle of quantum mechanics. There are two possible ways to 
get out of this dilemma: Either the Pauli principle is wrong, which is very unlikely, or 
else we have missed one of the degrees of freedom for quarks. 

This new degree of freedom is given the name “color” and hence the name quantum 
chromodynamics for the theory dealing with strong interactions involving “colored” 
quarks. To account for this new degree of freedom, a color is assigned to each quark, 
for example, R (red), G (green), and B (blue). From the example of the A ++ -particle 
we can deduce that the quarks in hadrons must be antisymmetric in the color degree 
of freedom; that is, the net color in a hadron must vanish. We can also reach the same 
conclusion from another point of view. Since color has not been an observed property, 
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all hadrons must be colorless objects: The color degree of freedom of the constituents 
inside a hadron must somehow neutralize each other. For mesons, this is easy to achieve, 
as an antiquark must have the opposite color for a quark. For baryons made of three 
identical quarks, such as A ++ , the different colors cancel by being antisymmetric with 
respect to each other. 

In nuclear physics, we are usually not involved explicitly with the color degree 
of freedom. However, the A-particle is important. It was discovered by Fermi and 
Anderson in 1949 as a resonance in 7r + -scattering off protons at pion kinetic energy 
T„ = 195 MeV, as shown in Fig. 2-3. It corresponds to a mass of the pion-proton 
system of 1232 MeV. Since this takes place in the l = 1 reaction channel with both 
spin and isospin §, it is also known as the P 33 -resonance. Because it is a very strong 
resonance at relatively low energy, nucleons inside a nucleus may be excited fairly 
easily to become a A-particle, and as we shall see later, such excitations may have a 
strong influence in processes involving energies comparable to those required to change 
a nucleon into a A-particle. 




Laboratory beam momentum (MeV) 



Figure 2-3: Total cross section of charged pions scattering off protons. The 
strong ^ 33 -resonance in w + +p reaction occurs in the (J* ,T) = (§ + , |) channel 
with l = 1. The 7 r _ + p cross section at the same energy is much smaller, as the 
system is a mixture of T = 5 and T = \. The data are taken from Ref. [22]. 



2-7 Static Quark Model of Hadrons 

A quark model of the hadrons should, in principle, involve all six different flavors. This 
can be rather complicated, as a large number of particles can be constructed from six 
different quarks and six different antiquarks. Fortunately c-, and f-quarks are so 
much more massive than u-, d-, and s-quarks that they are important primarily in heavy 
hadrons. For most particles of interest at low energies, only the three light quarks, m, 
d, and s, and their antiquarks, are involved. For this reason, it is quite adequate for us 
to consider a model consisting of only these three quarks and their antiquarks. 
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Mesons and pseudoscalar mesons. Let us start with the simpler case of mesons. 
Although mesons can be made with any number of quark-antiquark (gg)-pairs, most of 
the observed ones may be understood by considering only a single (gg)-pair. A simple 
quark model of mesons, therefore, involves a quark and an antiquark moving with 
respect to each other with orbital angular momentum t. The total angular momentum, 
or spin, of the system is J = i + 5, where S — s q + 8q is the sum of the intrinsic spins of 
the quark and the antiquark. Since s g = s q = |, the possible value of 5 for a ^-system 
is either 0 (singlet state) or 1 (triplet state). As for the spatial part of the wave function, 
it has been found that mesons with relative orbital angular momentum £ = 0 are lower 
in energy, the same as in the case of atomic levels. We shall restrict ourselves to these 
low-lying ones as they include essentially all those of interest to nuclear physics. 

We have already seen that pions are the least massive particles among mesons. 
Since both orbital angular momentum £ and total intrinsic spin 5 are known to be 
zero, the spin J of a pion is also zero. They are therefore “scalar” particles, as their 
wave functions are invariant under a rotation of the spatial coordinate system. However, 
unlike ordinary scalars, their wave functions change sign under a parity transformation. 
This may be seen in the following way. The parity of the pion is given by the product 
of the intrinsic parities of the quark (+1) and the antiquark (—1) and the parity of 
the spatial wave function of the (qq)-pair. The property of the spatial wave function 
under a parity transformation is related to the orbital angular momentum £ and is given 
by (-1)*, the same as spherical harmonics of order £ discussed in §A-1. Since £ = 0, 
the parity of the complete pion wave function is negative. The pion therefore behaves 
like a pseudoscalar quantity, one that is invariant under a rotation but changes sign 
under an inversion of the coordinate system. For this reason, pions and other J ~ 0, 
negative-parity mesons are called pseudoscalar mesons. 

We saw earlier that with two quarks, u and d, and two antiquarks, il and d, a total 
of 2 x 2 = 4 (pseudoscalar) mesons can be constructed with £ = 0 and 5 = 0; three 
pions and one 7/-ineson. When the strange quark s and its antiquark s are included in 
addition, the total is now nine. These are shown in Fig. 2-4. The nine mesons may 
be separated into two groups. Eight of the nine form an octet, the members of which 
transform into each other under a rotation in the flavor space. That is, when we make 
an interchange among w, d, and s, the wave functions of the eight mesons transform 

5 

+1 K° K+ 

(ds) (us) 

0 7T~ tt° rjg n + 

(du) (ttiZ, dd, 8s) (ud) 

-1 K~ T? 

(si I) (sd) 

— 1 — 5 0 +j +1 <o 



Figure 2-4: Pseudoscalar mesons. 
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as an irreducible representation of the SU 3 group, special unitary group of dimension 
3, Mathematically the transformation is very similar to, for instance, a rotation of the 
spatial coordinate axes by some Euler angles. The various components of a spherical 
tensor of a given rank, e.g., spherical harmonics Yt m (9,<f>), differing only in the values 
of m, are modified because of the rotation. However, the relation between different 
components of Y tm ( 8 , <fi) is such that, in the rotated system, the new Y( m ( 6 ,(j)) can 
always be expressed in terms of the spherical harmonics of the same order t in the old 
system, as shown in §A-2. In group theoretical language, the 21+1 spherical harmonics 
of the same t but different m form an irreducible representation. Members of the meson 
octet also form such a group representation except that the rotation is in the (three- 
dimensional) flavor space consisting of u-, d-, and s-quarks, and the transformation is 
from quarks of one flavor to another. 

The remaining meson, i] 0 , is invariant under any such interchanges among the 
three quarks and forms an irreducible representation by itself. In this way, the nine 
mesons in the model flavor space of u-, d-, and s-quarks, and their antiquarks, may 
be classified into an octet and a singlet according to their SU3 symmetry in flavor 
transformation. We shall soon see that, although this symmetry in the St^flavor) is 
not exactly preserved in strong interactions, it is nevertheless useful as a classification 
scheme for both mesons and baryons. 

It is a simple matter to write down the wave functions of the nine mesons in terms 
of (< 7 q)-pairs. The pion wave functions have already been given in §2-5. There is no 
ambiguity in constructing the kaon wave functions, as each one must involve either an 
s or an s. The flavor of the other quark for the 5=1 kaons, or an antiquark for the 
5 = — 1 kaons, must be either u or d, or u or d, and the choice is completely determined 
by the charge carried by each kaon. The results are shown in Fig. 2-4. 

The wave functions of the two isoscalar mesons, 773 and 77 0 , are slightly more com- 
plicated and must be deduced using, for example, symmetry arguments. Since 770 is 
invariant under a transformation among the three flavors, its wave function must be a 
linear combination of ( uu ), (dd), and (ss), with equal weight: 

|%) = + |<iS) + |s3)} (2-38) 

where the factor l/y/3 comes from the normalization requirement. The 770 -meson is, 
then, an “extension” of the 770 -meson constructed out of u- and d-quarks (and their 
antiquarks) given in Eq. (2-36). Similar to the two-flavor case, the wave function of 773 , 
the isoscalar meson in the octet, may be obtained by requiring it to be an isoscalar and 
orthogonal to both 1 7r° ) and 1 770 ). The result is 

1%) = -^{|uu) + |dd) - 2|s3)} (2-39) 

The derivation is left as an exercise (see Problem 2-5). 

Two isospin < = 0 pseudoscalar mesons are known at low energies, the 77 -meson with 
mass 548.8 MeV/c 2 and the 7 ?'-meson with mass 957.5 MeV/c 2 . Since the St /3 (flavor) 
symmetry is not an exact one, the observed mesons are mixtures of 770 and 773 given 
above. The mixing coefficient is usually expressed in terms of an angle 9, known as the 
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Cabibbo angle, 

rj = cos 9 4- Vo sin 9 rf — sin 9 + r}o cos 9 

For the pseudoscalar mesons, the value is 6 ~ 10°. 

Vector mesons. Instead of S = 0, the total intrinsic spin of the quark-antiquark pair 
in a meson may be coupled to S = 1. For t = 0, the spin of the pions produced is now 
J = 1. The parity, however, remains negative, Similar to the pseudoscalar mesons, 
we now have a set of nine vector mesons whose wave functions behave like an ordinary 
vector under a transformation of the spatial coordinate system. 

The structure of the set of vector mesons, as far as their symmetry under a rotation 
in the flavor space is concerned, is the same as that of the pseudoscalar mesons, as can 
be seen by comparing Fig. 2-5 with Fig. 2-4. Corresponding to the pions, we have an 
isospin triplet of p-mesons, and instead of the strange pseudoscalar mesons K°, K + , 
I<~, and 7T°, we now have the strange vector mesons /C*°, K* + , K*~, and /f*°. The 
two isoscalar vector mesons with definite SUg symmetry are <po and <f> 8 . The observed 
isoscalar vector mesons, <p and ui, have much larger Sf/ 3 (flavor) mixing, with Cabibbo 
angle 9 ~ 40°, compared to 9 ~ 10° for the pseudoscalar mesons. 
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Figure 2-5: J* = 1 vector mesons. 



The vector mesons are more massive than their pseudoscalar counterparts. For 
example, the /3-meson has a rest mass energy of 767 MeV and the w-meson has 782 MeV, 
In contrast, the pion rest mass energies are 140 MeV for ir* and 135 MeV for 7r°. As 
far as their wave functions are concerned, the vector and pseudoscalar mesons differ 
only in their total intrinsic spin, with S = 1 for the former and S = 0 for the latter. 
The large difference in their masses must come from the differences in the interaction 
between a quark and an antiquark in the S = 0 and S = 1 states. We see here an 
example of the important role of the interaction between quarks which we have ignored 
for the sake of simplicity in most of our discussions. 

Because of their larger masses, the p- and u- mesons can decay via strong inter- 
actions to pions with lifetimes at least six orders of magnitude shorter than those of 
pions. The p-meson transforms to two pions with a mean life of 4 x 10 -24 s (or width 
r = 153 MeV) and the uj-meson goes 90% of the time to three pions with a lifetime of 
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8 x 10 23 s (r = 8.5 MeV). As we shall see later, both p- and w-mesons play special 
roles in the interaction between nucleons. 

Baryons. With three flavors, we can construct a total of 3 x 3 x 3 = 27 baryons 
for a given set of (£, 5)-values. They can be classified according to their SU 3 (flavor) 
symmetries into four groups consisting of 10, 8, 8, and 1 members. The group of 
10 baryons (decuplet) is completely symmetric under a transformation in flavor, and 
the group of one baryon (singlet) is completely antisymmetric. The other two groups, 
consisting of eight members each (octets), have mixed 5(73 (flavor) symmetry, neither 
completely symmetric nor completely antisymmetric. Similar to the case of mesons, we 
can make use of the 5 (^(flavor) symmetry to construct the quark wave functions for 
these baryons. 

The baryon wave functions are slightly more complicated to derive than those for 
mesons for the simple reason that we are now dealing with products of three objects 
instead of two. It is convenient to treat all the quarks as identical particles distinguished 
only by their flavor and color labels. Since hadrons are color neutral objects, their quark 
wave functions must be totally antisymmetric in color. As a result, the rest of the wave 
function, formed of a product of flavor, spin, and spatial parts, must be symmetric 
under a permutation of any two of the quarks. 

Consider first the decuplet. The 10 members of the group, together with their quark 
contents, are listed in Fig. 2-6. Because they are completely symmetric in flavor, it is 
relatively simple to construct the quark wave functions. We have already encountered 
one of the members in this group, A ++ , in introducing the color degree of freedom. As 
mentioned previously, both the intrinsic spin and isotopic parts of the A-particle wave 
function must be completely symmetric in order to couple to a state with maximum 
total spin 5 = | and isospin t = |. Furthermore, for a symmetric product of spin, 
isospin, and spatial parts, the spatial part of the wave function of three u-quarks must 
also be symmetric. 

With A ++ given by \uuu) from isospin considerations, the wave functions of the 
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Figure 2-6: J * = | + baryon decuplet. 
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other three members of the isospin quartet, A + , A 0 , and A - , may be obtained using 
the isospin-lowering operator r_ on | A ++ ), in the same way as we have done earlier in 
obtaining the pion wave functions. With each application of the r_-operator, one of the 
u-quarks is changed into a d-quark. This gives us the correct isospin structure of all four 
members of the A. However, unlike the pion case where two nonidentical fermions are 
involved, a quark and an antiquark, we are dealing here with three identical particles. 
In addition to isospin coupling, we must also ensure proper symmetry between the 
quarks under a permutation between any two of them. 

When two identical particles are said to be in a symmetrical state under an in- 
terchange, we mean that the wave function remains the same when we permute the 
particle labels 1 and 2. Consider as an example the following symmetrical wave function 
of two fermions: 

*5(1, 2) = {^(1)C(2) + C(l)£(2)} (2-40) 

where £ and £ are single-particle wave functions and l/\/2 is the normalization factor 
for the case where the two single-particle wave functions are different from each other. 
Under a permutation between 1 and 2, the two particles exchange the single-particle 
states they occupy. Let us denote this operation by operator P l2 . It is obvious that, 
for the wave function <ip$(l,2) defined above, we have 

Pi 2 *s(h 2) = *s(2, 1) = ^={£(2)<(1) + C(2)C(1)} = *5(1,2) 

Similarly an antisymmetric two-particle wave function $, 4 ( 1 , 2 ) may be written as 

n(l,2) = i=K(l)a2)-((l)a2)} (2-41) 

By inspection, we see that 

1,2) - */t(2, 1) = {^(2)C(1) - C(2K(1)} = — *a(l,2) 

For £ = £, the symmetric wave function reduces to £(1)£(2) (with appropriate change 
in the normalization) and the antisymmetric wave function vanishes, as required by the 
Pauli exclusion principle. 

For A ++ we have the simple situation that all three quarks have the same flavor. 
The wave function is the symmetric product of three u-quarks, 

|A++) = |«(1))K2))K3)) (2-42) 

We shall now see how to obtain the wave function of A + using the isospin-lowering 
operator. When is applied to | A ++ ), we have a choice of changing any one of the 
three u-quarks into a d-quark. Since there is no way to make a distinction between 
them, the wave function of A + must be a linear combination of all three possibilities 
with equal weight, The normalized and symmetrized (since the color degree of freedom 
is outside our considerations here) wave function for A + is 

|A + ) = ^{|d(l))W2))K3)> + |«(l))|d(2))M3)) + |u(l))|u(2)M3))} 
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To simplify the notation, we shall write the same equation in a shorthand form, 

|A + ) = -^=jjduu) + \udu) + |uud)j 

where it is implied that the first symbol in each term is for quark number 1, the second 
one for number 2, and the third one for number 3. In cases where we wish only to 
indicate the quark content of a hadron without displaying the permutation symmetry 
explicitly, the notation can be shortened further to (mtd), for example, as done in 
Fig. 2-6. 

Following this rule, the wave functions of A 0 and A" may be written in the following 
manner: 

|A°) = ~={\ddu) + \dud) + )udd)} 

|A~) = | ddd) 



They are obtained by applying the r_-operator to the wave function of A + , once for 
| A 0 ) and twice for | A - ). Alternatively, we can start from the only possibility to 
construct the wave function for | A" ), the to — — § member of the isospin quartet, as 
we have done earlier for A ++ , and apply the isospin-raising operator to produce | A 0 ). 

The wave functions of the three strangeness S = -1 baryons in the decuplet may 
be obtained by starting with |E* + ), the t 0 = 1 member of the isospin triplet. We 
can use | A ++ ) given in Eq. (2-42) as the starting point and replace one of the three 
w-quarks with an s-quark. This is similar to the way we obtained | A + ) from | A ++ ) 
above by replacing a u-quark with a d-quark. Here, instead of isospin, we are lowering 
the strangeness by replacing a d- quark with an s-quark. Again, from the symmetry 
requirement, the normalized wave function is 

|E* + ) = ~^=j|suu) + |ws?i) + |uus)J (2-43) 

Next, we apply r_ operator on | E* + ) to obtain |E*°) and, thence, |E*~). Since the 
s-quark is an isospin zero particle, it vanishes when acted upon by the r_- (or t + -) 
operator. The only effect of the isospin-lowering operation is to change one of the 
tt-quarks to a d-quark. As a result, we obtain 

|E*°) = -^={|dus) + |uds) + |dsu) + |usd) + \sdu) + 

|£-) = ~{|dds) + |dsd) + |sdd)} 

This completes the wave functions for the three S = — 1 members. 

It is trivial to obtain the wave functions for the strangeness 5 = -2 members of 
the decuplet, since now only one of the three quarks carries a nonzero isospin and, as a 
result, only an isospin doublet can be constructed. Their wave functions are given by 
the following expressions: 
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For S = -3 there is only one possibility, 

|ft - ) = | sss) 

Although it is an isoscalar particle, and consequently t 0 — 0, it is a charged particle, 
This can be seen from Eq. (2-37). Since the baryon number is A = 1 and strangeness 
S = -3, the charge number of the particle is — 1. The same result can also be obtained 
from the fact that each , 9 -quark carries a charge — |e. The particle therefore carries one 
unit of negative charge and, hence, the negative sign in the superscript. 

Baryon singlet. A state of three quarks completely antisymmetric in flavor is also 
simple to construct. The quark content in this case must be uds, one of each flavor. 
However, there are 3! = 6 possible choices: three choices in arranging which one of the 
three quarks has flavor label u and two choices in arranging which one of the remaining 
two quarks has flavor label d. (The last one takes on label s.) There is no reason to 
favor any one of the six possibilities and a linear combination of all six is required. 
The particular choice, however, must be antisymmetric with respect to a permutation 
between any two quarks in order to satisfy the requirement of being a singlet state. 
We can arrive at the correct linear combination by starting from any of the six terms, 
for instance, tt(l)d(2)s(3). To this, we add terms generated from it by applying all the 
possible linearly independent permutations among the three indices 1, 2, and 3. For the 
three odd permutations P 12 , P 23 , and P 3) producing the arrangements (dtts), (usd), and 
(sdu), we must take them with the negative sign in order to satisfy the requirement of 
being symmetric. Similarly, the two even permutations P 12 P 23 and P 31 P 23 that generate 
the arrangements (dsu) and (sud) must be taken with the positive sign. The normalized 
singlet quark wave function is then 

|Ai) = -^j|tzds) + \dsu) + jsttd) - |dtts) - |usd) - |sdtt)} 

Except for an overall sign, this is the only unique way to construct the required anti- 
symmetric linear combination. Since there is no other way to construct a wave function 
with the same symmetry, | Ai ) forms an irreducible SC / 3 (flavor) representation by itself. 

Let us examine the symmetry of the isospin part of the wave function. Since the 
s-quark is an isoscalar quantity, the isospin of the wave function is determined by tr- 
end rf-quarks. To illustrate this point, we can rewrite the wave function in the following 
form by putting the s-quark always at the end: 

|Ai> = (l w (l) X d(2) ) — | d(l) )| w( 2 ) ))| s(3) ) 

+ (l «(2) )| d(3) > - I rf(2) )| «(3) >)| *(1) ) 

+ (l m ( 3) )l d(l) ) — | d(3) )| u(l) ))| s(2) )} 

We can recognize that each one of the linear combinations in it and d has t = 0, as it 
is antisymmetric in the isospin-carrying parts. The singlet St/ 3 (flavor) representation 
therefore describes an isoscalar particle. Since the isospin is completely determined by 
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the symmetry in flavor of the quark wave function, it does not constitute an independent 
degree of freedom in fixing the wave function. 

So far we have not explicitly put in the intrinsic spin part of the wave function. An 
example will be given later for the nucleon wave function. Here, we shall simply state 
the result that J * = | + for the Ai-baryon. 

Since the SH 3 (flavor) symmetry is not an exact one, the observed strangeness S = 
-1, isoscalar, J* = | + particle A is a mixture of | A x ) and |A 8 ), the latter being a 
member of the J w = baryon octet. This is similar to the admixture in pseudoscalar 
and in vector meson wave functions we have seen earlier. 

Baryon octet. The remaining 16 members of the 27 possible baryons constructed 
from it-, d-, and s-quarks have mixed symmetry in flavor. They may be classified as 
two octets distinguished by their symmetries under a simultaneous interchange of both 
flavor and spin. We shall be interested only in the lower energy octet, as it contains 
protons and neutrons as members. The waves function for each member in this group 
is symmetric under the combined exchange of flavor and intrinsic spin, as the three 
quarks must be antisymmetric in color. The members of the octet together with their 
quark contents are shown in Fig. 2-7. 
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Figure 2-7: J’’ = baryon octet. 



Let us construct the proton wave function as an example. Since the intrinsic spin 
and parity of a proton are | + , and the orbital angular momentum is 0, we can start by 
coupling the intrinsic spins of the three quarks to the value |. There are several ways to 
achieve this, and we shall take the simplest one by coupling the first two quarks to spin 
0 and then couple the third one with spin up to form a system with (5, S Q ) = (1, +~), 

\l+\) = ^(|9(1)T>I<?(2)1) - |9(Dl)l9(2)T))|9(3)T) (2-44) 

Here, the up-arrow symbol represents a quark with intrinsic spin up (+|) and the 
down-arrow symbol a quark with spin down (— |). The assignment of flavor to each of 
the quarks will be made later. A second possibility to form an ( S , S 0 ) = (|, +1) system 
is to couple the first two quarks to spin 1 instead of 0, as we have done above. This 
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choice is complicated by the fact that the final system is a mixture of total spin | and 
i. To project out the desired S = ^ part, a linear combination must be taken of the 
two possibilities, {(9142)1,1(93)1/2, -1/2} and {(4192)!, 0(93)1/2, +1/2}, where the first of the 
two subscripts indicates S and the second the value of its third component. 

The combined symmetry of the spin and flavor parts of the wave function may be 
determined after assigning a flavor to each one of the quarks involved, subject to the 
condition that, for a proton, each term must consist of two 12-quarks and one d-quark. 
Let us start by giving the first two quarks different flavors. Equation ( 2 - 44 ) becomes 

||,+i) = -L(|«(l)t)|rf(2)l> - |«(l)i)|d(2)t))K3)T) 

The combination of spin and flavor may be symmetrized in two stages. First we shall 
carry out the process only for the first two quarks and obtain 

li+|) = i(Ki)T)K2)i)-Ki)i)|d(2)t) 

+M(l)t)l«( 2 )t) - M(l)t)l«( 2 )|))|«( 3 )t) ( 2 - 45 ) 

Next, we shall generate the others by applying permutations and P 32 on each of 
the four terms in Eq. ( 2 - 45 ). This gives us a total of 12 terms. On grouping identical 
terms together, we obtain the quark wave function for a proton with spin orientations 
of all the quarks indicated explicitly, 

1^) = ^g{2(|«T w| di) + l«T d\ Ml) + Ml »4 uT)) 

-(|«t dj) + |it| d| mJ.) + |dj 12) uj) 

+|u{ iif df) + |i 2 | d| «T) + \d T «{))} ( 2 - 46 ) 

To simplify the notation, we have dropped the labels for quark number and rely on 
the order each quark appears instead. The. fact that this wave function is symmetrical 
under a simultaneous interchange of flavor and spin between any two quarks can be 
established by inspection. 

The neutron wave function can be written down from that for a proton by simply 
substituting all the 72-quarks by d-quarks and vice versa. Similarly, the wave functions 
of the strangeness 5 < 0 members of the octet can be built from that of the proton, in 
the same way as we have done for members of the decuplet by starting from | A ++ ) . 
These are left as exercises. 

2-8 Magnetic Dipole Moment of the Baryon Octet 

The hadron wave functions obtained in the previous section are based solely on sym- 
metry considerations. Since they are not the eigenfunctions of a realistic Hamiltonian 
involving interaction between quarks, we cannot expect them to be able to describe 
any of the dynamic properties with good accuracy. Nevertheless, calculations for some 
simple quantities can be carried out, and the results will show whether they are useful 
as zero-order approximations to the wave functions. Besides quantities used already in 
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obtaining the wave functions, such as charge number, spin, isospin, and strangeness, 
the magnetic dipole moment is one we can use to test our model. We shall only deal 
with members of the baryon octet given in Fig. 2-7, as more are known about them. 

The magnetic dipole moment of a baryon comes from two sources, the intrinsic 
dipole moments of the constituent quarks and the orbital motion of the quarks. For 
the baryon octet of interest here, all the members have J* = | + . In the simple model 
adopted in the previous section for our discussion, the three quarks are symmetric in 
the spatial parts of their wave functions, with relative motion l — 0. As a result, 
contributions from quark orbital motion may be ignored. 



Quark magnetic dipole moments. Associated with the intrinsic spin a of a particle, 
there is an intrinsic magnetic dipole p. The ratio between the two quantities is a 
constant g, known as the gyromagnetic ratio. In terms of operators, we have the 
relation 

M = gsiiu (2-47) 

For quarks, it is convenient to measure the dipole moment in terms of 






2 m q c 



This is identical in form to the definition for nuclear magneton p w except, here, q is 
the quark charge e/3 and m,, the quark mass, is used instead of nucleon mass (and the 
factor [c] in the numerator converts the result from cgs to SI units). 

For Dirac particles, i.e., particles devoid of internal structure, we have g — 2 
for those with intrinsic spin s = In practice, no particle is observed to be com- 
pletely without some “structure” associated with it. For example, electrons and muons 
emit and absorb virtual photons. The contributions from these virtual processes give 
rise to an “anomalous” magnetic dipole moment such that the observed value of g 
is 2 x 1.001159652193(10) for an electron and 2 x 1.001165923(8) for a muon. The 
small corrections to the simple Dirac particle values for the charged leptons are well 
understood and can be calculated to very high precision in quantum electrodynamics. 

Since a quark is an elementary particle, we can take it as a simple Dirac particle 
to start with. The relation between intrinsic magnetic moment and spin is given by 
Eq. (2-47) with g = 2. However, we do not know the quark masses; it is therefore 
not possible to deduce the values of p in any simple way. (For this reason there is no 
point to consider corrections to g due to anomalous magnetic dipole moment either.) 
However, if we assume that the masses of u- and d-quarks are equal, the ratio between 
their magnetic dipole moments is given by the ratio of their charges. This gives us the 
result 

p u = -2p d (2-48) 

As we shall soon see, this is useful in getting an idea for the values of the intrinsic 
magnetic dipole moments of the u- and d-quarks. 



Nucleons. The contribution to the magnetic dipole moment of a baryon from quark 
intrinsic dipole moments depends also on the orientation of the spin of each quark. 
Since the quark orbital motion does not enter here, the magnetic dipole moment is 
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given by the number of quarks of each flavor in each one of the two possible spin 
orientations. For a proton, we can count the numbers of u|, u l, d|, and dj explicitly 
using the wave function given earlier in Eq. (2-46), The results are simply the sums 
of the squares of the coefficients in the wave function for each one of the four possible 
combinations of flavor and spin orientations: | for the number of w-quarks with spin 
up, | for the number of w-quarks with spin down, j for the number of d-quarks with 
spin up, and § for the number of d-quarks with spin down. The net contribution from 
u-quarks to the proton magnetic dipole moment is then § — | = and that from 
d-quarks is | — | = — 4 . In this simple model, the final result for a proton is then 

Pp = 3du — 3 Pd 

For a neutron, we can again interchange the roles of u- and d-quarks in the expression 
above and obtain the result, 

Pll 3 Pd 3 P« 

If we now make the assumption that the masses of the u- and d-quarks involved are 
equal and their ratio of magnetic dipole moments is given by Eq. (2-48), we obtain the 
ratio between those of a neutron and a proton, 

Pn _ | Hd - jPu _ 2 fl d _ _2 

P/i JjPu 3 Pd ^Pd ^ 

This is in good agreement with the observed value of -1.913/2.793 = -0.685. 

Baryons with 5>0. For the other six members of the octet, there is at least one 
•5-quark involved. As a result, we need to include the contributions from the intrinsic 
magnetic dipole moment of strange quarks. Since the s-quark is known to be more 
massive than the u- and d-quarks, we cannot easily relate its intrinsic magnetic dipole 
moment to those of the u- or d-quarks in the same way as we have done in Eq. (2-48) 
between w- and d-quarks. On the other hand, eight magnetic dipole moments are known 
for the members of the octet and all of them are given in terms of the intrinsic magnetic 
dipole moments of the three quarks in this simple model. As a result, a least-squares- 
fitting procedure may be used to deduce the three unknown quark values from these 
eight pieces of data. To carry out this procedure, we must first express the baryon 
magnetic dipole moments in terms of those for the three quarks, as we have done above 
for the nucleons. 

Although we do not have the quark wave functions written out in detail for the 
5 < 0 members of the octet as we have done in Eq. (2-46) for the proton, we can 
nevertheless count the number of quarks of each flavor with spin up and that with 
spin down, starting with the quark content of each baryon given in Fig. 2-7. This 
is particularly simple for those strange baryons involving only two different flavors, 
i.e., those made of s- and w-quarks only or s- and d-quarks only. For example, the £ + - 
baryon is made of two u-quarks and one s-quark. Compared with the proton, (wwd), 
we see that the only difference between the quark structure of these two baryons is 
that, in the place of a d-quark in proton, we have an s-quark in £ + . Since all members 
of the octet have the same combined symmetry for spin and flavor, the proton and £ + 
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must have very similar quark wave functions, except for the replacement of d with s. 
Hence, the magnetic dipole moment of the £ + -baryon is given by 

A*e+ = 3 Mu — 

Similarly, the quark content of £“ is (dds). Comparing it with a neutron, we find that 
the expression for the magnetic dipole moment of a E“ -baryon is the same except that, 
in the place of u-quarks in a neutron, we have the contributions from s-quarks. This 
gives us the result 

Ms- = |m<j ~ \p. 

Using similar methods, the expressions for the magnetic dipole moments of the two 
S = — 2 members of the octet, E ~(dss) and E + (uss), can be obtained and the results 
are given in Table 2-4. 



Table 2-4: Magnetic dipole moment of baryon octet. 



Octet 


Quark content 


Best fit 


Observed 


member 


u 


d 


S 


Pn 


Pn 


P 


4 

3 


1 

3 


0 


2.793 


2.792847386(63) 


n 


i 

— 5 


4 

3 


0 


-1.913 


-1.91304275(45) 


A 


0 


0 


l 


-0.613 


-0.613(4) 


E+ 


4 

3 


0 


1 

3 


2.674 


2.458(10) 


E- 


0 


4 

3 


1 

3 


-1.092 


-1.160(25) 


5° 


1 

3 


0 


4 

3 


-1.435 


-1.250(14) 


E“ 


0 


1 

3 


4 

3 


-0.493 


-0.6507(25) 


E° — ► A 


“Vs 


4 


0 


-1.630 


-1.61(8) 


ft" 






3 


-1.839 


-2.02(5) 


u 


1 






1.852 




d 




l 




-0.972 




s 






1 







For the two remaining members of the octet, £° and A g , the quark contents are 
(uds) for both. Since three different flavors are involved, a slightly different approach is 
required. For both hadrons, we can make use of their isospin difference to derive their 
wave functions. For this purpose we can ignore the s-quark for the moment, as it is an 
isoscalar particle not involved in any isospin considerations. 

Let us start with A 8 . Since it is an isospin singlet, we have t = 0. In the discussions 
given earlier for the quark wave functions of 7r°- and 7j 0 -mesons, we have seen that a 
t 0 = 0 system, consisting of a u- and a d-quark, is a mixture of isospin 1 and 0. To 
project out the isospin t = 0 part, we need an antisymmetric linear combination of the 
two possible arrangements of u and d, 

|(Mo) = (0,0)> = -^{|«(l)d(2)) - |d(l)u(2))} 
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The spins of these two quarks cannot be both up, as such an arrangement will be 
antisymmetric under the simultaneous exchange of spin and flavor. The only possibility 
is therefore 

|(*, *o) = (0, 0); («, m.) = (0, 0)) = |{(|t»(l)T d(2)f) - |d(l)| tt(2)i)) 

+(|rf(l)i tt(2)t> - I*(l)i d(2)t))} 

Note that the total spin of the two quarks is also zero as a result of the symmetry 
requirement. 

We can now couple the s-quark to the product and form a spin- 4 system of three 
quarks, 

|(t, to) = (0, 0); (s, m.) = (I, +|)) = i{ (|ti(l)T d(2)j> - |d(l)f «(2)J)) 

+ {mi «(2)D - Kl)l rf(2)D)}|s(3)T> (2-49) 

The wave function is not properly antisymmetrized with respect to the third quark. 
However, for the purpose of calculating the magnetic dipole moment, this is not neces- 
sary; all we need to do is to count the number of quarks of each flavor with spin up and 
the corresponding number with spin down, and this is independent of the symmetriza- 
tion among the three quarks beyond those given in Eq. (2-49) above. Furthermore, it 
is also evident from the structure of the wave function that the net contributions from 
both u- and d-quarks are zero, as there are equal numbers of each with spin pointing 
up as there are with spin pointing down. As a result, we obtain 



Ma = /*. 

for the magnetic dipole moment of Ag. Because of the crudeness of the model used 
here, there is no point in considering any SU 3 (flavor) symmetry-breaking effects and 
the resulting difference between Ag and the observed A-baryon. 

The isospin of E° is unity, as it is a member of a triplet, E + , E°, and E~. The 
quark wave function is somewhat more complicated than what we have obtained for 
A a , as the u- and d-quarks must now be coupled to a spin-1 state. We shall leave the 
calculation of in terms of quark magnetic dipole moments as an exercise, since the 
value of //£o is not known and we cannot make use of it in our calculation. On the 
other hand, the decay of E° through the reaction 

E n - A + 7 

is similar to a magnetic dipole transition (see §5-3) and, as a result, the transition 
probability is proportional to |p E o__, A | 2 . The matrix element of the magnetic dipole 
transition operator O(AZl) has the value 

/i£ o_ A = (E 0 |O(Afl)|A) = -^=(p u - m) 

Since the experiment measures the square of the transition matrix element, only the 
absolute value is determined [116], The sign is known from independent sources to be 
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negative. As a result the value of // £ 0 _ A may be used as a piece of information for our 
calculation. 

Table 2-4 summarizes the contribution from each one of the three quarks to the 
magnetic dipole moments for the members of the baryon octet together with ^ E o^ A - 
The observed values are listed in the last column in units of nuclear magnetons, [i N = 
eh/(2M p c) in cgs units or eh/(2M p ) in SI units. The values of fi u , /t d , and n, are 
deduced by fitting them to the eight measured dipole moments. Since the accuracies 
that can be achieved for the measured values of the various baryons differ by a large 
margin, the eight pieces of data that went into the calculation as input have been 
weighed inversely according to their experimental uncertainties, given in parentheses in 
the table. The results of the calculation are shown under the column labeled “Best fit." 
The calculated values agree quite well with observation, especially in view of the crude 
model used. Except for E _ , the discrepancies are less than 0.2 This close agreement 
has two implications. The first is that the model used to deduce the moments in terms 
of those of the three quarks is a reasonable one, otherwise much larger differences would 
have resulted. The second is that the values deduced for the quark magnetic dipole 
moments are physically meaningful. 

We expect several corrections to our simple analysis. One of the assumptions we 
have made is that the wave functions have only £ — 0 components. This is true if 
orbital angular momentum is conserved by the interaction between quarks. As we shall 
see in the next chapter, in an analogous discussion on the deuteron ground state, the 
orbital angular momentum is not necessarily a constant of motion. Consequently, it is 
unreasonable for us to expect that the ground states of the members of the baryon octet 
be purely £ = 0. In general, some configuration mixing from £ > 0 terms is present, 
and this may be the most important correction to our simple model. A more detailed 
discussion can be found in a status report by Brekke and Rosner [36]. 

The values of the magnetic dipole moments of the three lighter quarks obtained 
from the least-squares-fitting procedure are given at the bottom of the table. Although 
there are no observed values to compare with, we can, nevertheless, get a rough idea 
whether the results are reasonable. For example, the ratio /r u //r d = —1.91 is fairly close 
to the value of —2 obtained earlier by assuming that the masses of u- and d-quarks are 
identical to each other and both of them have the same gyromagnetic ratios. 

2-9 Hadron Mass and Quark-Quark Interaction 

Another striking feature in hadron spectroscopy is the systematics in their masses. In 
Table 2-5, the observed values for some of the low-lying members are given, together 
with their uncertainties in the last digits in parentheses. First of all, we notice that the 
masses for the members of the J* = j + baryon octet are well correlated in value with 
their strangeness quantum numbers. That is, the mass differences between members 
with the same strangeness are much smaller than those between members of different 
strangeness. For example, the difference between a proton and a neutron is less than 
2 MeV/c z , whereas the difference between a A-baryon (<S = —1) and a neutron is 
around 176 MeV/c 2 , and that between a E°-baryon (5 = —2) and a A-baryon is 
around 200 MeV/c 2 . The obvious conclusion one can draw from such comparisons is 
that the rest mass energies of the underlying u- and d-quarks are the same within a 
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few mega-electron-volts and that the value of the s-quark is larger than those of the 
u- and d-quarks by 100 to 200 MeV. Further support for s-quarks being more massive 
can be found in the mass differences between members of the baryon decuplet, between 
members of the pseudoscalar mesons, and between members of the vector mesons. As 
for the charm and beauty quarks, we have already seen evidence from the masses of 
J/ip- and T-mesons in §2-6 that they are even more massive. From a comparison of 
the masses of hadrons made of different quarks, the masses of the various quarks can 
be deduced. The generally accepted values were given earlier in Table 2-2. 



Table 2-5: Low-lying hadron masses in MeV/c 2 . 



Baryons 


Mesons 


5 = 0 




Pseudoscalar mesons 


V 


938.27231(28) 


TT* 


139.56995(35) 


n 


939.56563(28) 


7r° 


134.9764(6) 


s — - 


_1 


I<± 


493.677(13) 


A 


1115.684(6) 


K°, 7?° 


497.672(31) 


E+ 


1189.37(7) 


V 


547.45(19) 


E° 


1192,55(8) 


v' 


957.77(14) 


E- 


1197.436(33) 


Vector 


mesons 


5 = - 


2 


P 


768.5(6) 


-0 


1314.9(6) 


K* 


891.59(24) 


2” 


1321.32(13) 


u> 


781.94(12) 






4> 


1019.413(8) 



The small mass differences between hadrons having the same strangeness can come 
from either electromagnetic effects or a small difference between the masses of u- and 
d-quarks. However, our present knowledge of the strong interaction is not able to 
elucidate on this question. In spite of our ignorance, the small difference between the 
masses of proton and neutron and between ir* and i r° are important in understanding 
certain nuclear phenomena, such as isospin symmetry breaking in the nuclear force. 

It is worthwhile to emphasize here again that, since quarks have not been observed 
in isolation outside hadrons, the values deduced from hadron spectra are not their true 
masses. The observed hadron masses depend on the intrinsic masses of the quarks as 
well as the binding energy between the quarks. If the binding energies arc known, it 
is a trivial matter to obtain the quark masses from those of hadrons. As we shall see 
later in the analogous situation of nuclear masses, binding energy calculations require 
a knowledge of the interaction between the constituents. Even in the nuclear case, it is 
not easy to obtain high precisions, partly because of our incomplete understanding of 
the interaction between nucleons and partly because of the inherent difficulties of the 
many-body problem. 

For quarks, the situation is further complicated by several factors. First, the quark- 
quark interaction is known to be very strong at energies of concern to us here. We have 
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seen an example of this from the mass differences between the pseudoscalar mesons 
(sum of quark intrinsic spins 5 = 0) and the vector mesons (5 = 1). For example, 
the quark contents of the jr- and /9-mesons are the same, but their masses are quite 
different, with m„c 2 « 140 MeV and m p c 2 « 767 MeV, respectively. The large dif- 
ference must be attributed mainly to the dependence of the interaction on the total 
intrinsic spin of the quark-antiquark pair. This is quite different from the usual situ- 
ation in quantum systems where the interesting physics often arises from small parts 
of the complete interaction. For example, in atomic physics the main contribution to 
the binding energies of electrons comes from the electrostatic attraction between the 
nucleus and each one of the electrons. Most of the other properties of an atom, on 
the other hand, are sensitive mainly to small perturbations caused by the interaction 
between electrons. As a result, a number of perturbative methods have been developed 
over the years and they are found to be quite successful in handling such problems. 

For quarks, the interaction is very strong at low energies where nuclear physics op- 
erates and where most of the experimental observations are made. Because of what is 
generally known as asymptotic freedom, the quark-quark interaction is weak only at ex- 
tremely high energies. As a result, perturbative techniques apply to QCD only at such 
extremes, far beyond the realm of nuclear physics and low-lying hadron spectroscopy. 
For the low-energy regions, methods other than perturbative approaches must be ap- 
plied before we can properly link QCD calculations to observations. We shall see one 
such example in the form of lattice QCD calculation in §9-3. 

Second, there is the question of confinement. Again, since quarks are not observed 
in isolation, their mutual interaction must have a component that grows stronger as the 
distance of separation between them increases. This is opposite to our experience in 
the macroscopic world, where interactions, such as gravitational and electromagnetic, 
grow weaker as the distance of separation between the interacting objects is increased 
(and the relation is given by the inverse square law). As a result, we need to devise new 
methods to handle the problem. One way is to impose confinement “artificially” as a 
boundary condition. In other words, the quarks are considered to be inside a “bag” 
that prevents them from escaping to the outside. Such a bag model, together with its 
many variants, has made impressive contributions in improving our understanding of 
the structure of hadrons and in linking the quark-quark interaction with the interaction 
between nucleons. We shall see a simple application of such a phenomenological model 
when we come to the question of phase transition from hadronic matter to quark-gluon 
plasma in §9-3. 

Problems 

2-1. Show that conservation of energy and momentum requires at least two 7-rays to 
be emitted in the annihilation of an electron by a positron. 

2-2. Show that the nucleon isospin wave functions given in Eqs. (2-15) and (2-16) are 
the eigenfunctions of the operator 

— 2 _2 . _2 1 _2 

T — Tj + T 2 + Tj 

with eigenvalues 3. Express r 2 in terms of r + , r_, and r 0 and calculate again, 
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in terms of these operators, the expectation values of r 2 for the isospin wave 
function of a proton and a neutron. 

2-3. Antiprotons are created when a beam of high-energy protons strikes a hydrogen 
target. In the laboratory system what is the minimum proton kinetic energy 
required for the reaction to take place? 

2-4. Construct the quark wave function of tt~ by applying an isospin-lowering operator 
to the wave function of 7r° given in Eq. (2-34). Use the same technique to construct 
the quark wave function of E*° by applying an isospin-lowering operator to that 
of E* + given in Eq. (2-43). 

2-5. The meson r ] 8 is a neutral, isospin-singlet particle made of a linear combination 
of quark-antiquark pairs taken from u-, d-, and s-quarks and their antiquarks. 
Construct the quark wave function of r; 8 by requiring it to be normalized and 
orthogonal to those of 7r° and tjq given in Eqs. (2-34) and (2-38). 

2-6. An electron is moving in a circular orbit. Show that the magnetic dipole moment 
generated by the orhital motion is given by the relation 

2 m e c 

where l is the angular momentum in units of h and the factor |c] converts the 
formula from cgs to SI units. Assume that the charge and mass of the electron 
are distributed uniformly along the orbit and ignore the contributions from the 
intrinsic magnetic dipole moment. 

2-7. The E°-particle is a baryon made of a u-quark, a d-quark, and an s-quark coupled 
to total intrinsic spin S = \ and isospin t — 1. Assume that the orbital angular 
momentum t = 0; show that the magnetic dipole moment of E° is given in the 
quark model by 

Pj.o j(fbi + /m) - 

where p u , // j, and p s are, respectively, the intrinsic magnetic dipole, moments of 
the it-, d-, and s-quark. 

2-8. Use the quark model to show that the magnetic dipole moments of vector mesons 
P + and are equal in magnitude but opposite in sign. 

2-9. If the magnetic dipole moment of a u-quark is 1.852^, of a d-quark, — 0.972/^, 
and of an s-quark, — 0.61 3/t.jy , what are the values of magnetic dipole moments 
of their antiquarks? The p + -meson is a vector meson with J r = 1“ and isospin 
T — 1. Calculate the magnetic dipole moment using the values of quarks assuming 
the orbital angular momentum to be the lowest value possible. 




Chapter 3 



Nuclear Force and 
Two-Nucleon Systems 



The interaction between two nucleons is one of the central questions in physics and its 
importance goes beyond the properties of nuclei. In a 1953 Scientific American article, 
Bethe (page 59 of Ref. [31]) estimated that “in the past quarter century physicists have 
devoted a huge amount of experimentation and mental labor to this problem — probably 
more man-hours than have been given to any other scientific question in the history 
of mankind.” In the intervening years after Bethe wrote these words, even more effort 
has been expended on the topic than before and much progress has been made. We 
now know that nucleons are not elementary particles and their interactions derive from 
the force acting between quarks that make them up. While quantum chromodynamics 
gives a fairly good description of the structure of hadrons in terms of quarks, it is 
far less certain how the interaction between nucleons is quantitatively related to the 
fundamental quark-quark interaction. 

In this chapter, we shall examine the problem from a mostly phenomenological point 
of view. We shall concentrate on two-nucleon systems and make use of their simplicity 
to illustrate some of the challenges we face in nuclear studies. First we shall examine 
the deuteron, the only bound system formed of two nucleons. Far more information is 
provided by the scattering of one nucleon off another, and we shall see what we can 
learn about the nucleon-nucleon interaction from such studies. 

3-1 The Deuteron 



Binding energy. The deuteron is a very unique nucleus in many respects. It is only 
loosely bound, having a binding energy much less than the average value between a pair 
of nucleons in all the other stable nuclei. We have seen in Eq. (1-1) that the binding 
energy E B of a nucleus is given by the mass difference between the neutral atom and 
the sum of the masses of free neutrons and protons in the form of hydrogen atoms. 
For a deuteron, the mass Md is 1876.1244 MeV/c 2 . The binding energy is then the 
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difference between M d and the sum of those for a neutron, M n , and a hydrogen atom, 

M h - 

M n c l = 939.5656 MeV 
+ M H c 2 = 938.7833 MeV 

=1878.3489 MeV (3-1) 

- M d c 2 =1876.1244 MeV 
E b = 2.2245 MeV 

A more precise value, E B =2.22457312(22) MeV, is obtained from radiative capture 
of a neutron by hydrogen. In this reaction, represented as p(n, y)d, a slow neutron is 
captured by a hydrogen atom followed by the emission of a 7 -ray (see Ref. [78] for 
details). If the energy of the incident neutron is negligible, the energy of the 7 -ray 
emitted gives the deuteron binding energy. Since it is usually far easier to determine 
7 -ray energies accurately than measurements of atomic masses, binding energies are 
often better known than absolute masses. 

Partly because of the small binding energy, the deuteron has no excited state; 
all observations on the deuteron are made on the ground state. The results of the 
more important measured quantities are listed in Table 3-1. In spite of the small 
number of independent pieces of data available, we stand to learn a great deal about 
the two-nucleon system from the deuteron. Furthermore, because of their fundamental 
importance, many careful and sophisticated measurements have been carried out and 
the available values represent some of the best that can be obtained for the type of 
measurement. In this section we shall make use only of spin, parity, and isospin, 
leaving the study of the magnetic dipole moment and electric quadrupole moment to 
the next two sections. 



Table 3-1: Ground state properties of deuteron. 



Ground State Property 


Value 


Binding energy, E B 
Spin and parity, 

Isospin, T 

Magnetic dipole moment, p d 
Electric quadrupole moment, Q d 
Radius, r d 


2.22457312(22) MeV 
1+ 

0 

0.857438230(24) p N 
0.28590(30) efm 2 
1.963(4) fm 



Note: Uncertainties in last digits of the measured values are 
given in parentheses. 



Spin and parity. The parity of a state describes the behavior of its wave function 
under a reflection of the coordinate system through the origin, as shown in §A- 1 . For 
the deuteron, it is known that the parity is positive. Let us see what we can learn from 
this piece of experimental information. For this purpose, it is useful to separate the 
wave function into a product of three parts: the intrinsic wave function of the proton, 
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the intrinsic wave function of the neutron, and the orbital wave function for the relative 
motion between the proton and the neutron. Since a proton and a neutron are just 
two different states of a nucleon, their intrinsic wave functions have the same parity. 
As a result, the product of their intrinsic wave functions has positive parity, regardless 
of the parity of the nucleon. This leaves the parity of the deuteron to be determined 
solely by the relative motion between the two nucleons. 

For states with a definite orbital angular momentum L, the angular dependence in 
the wave function is given by spherical harmonics Y LM (9<t>). Under an inversion of the 
coordinate system, spherical harmonics transform according to the relation 

Y lm (0, 4>) f — + Y LM (n - 0, x 4- 0) = (-1)^(0, <fi) 

The parity of Ylm(9 , 4>) is therefore (— 1) L . The fact that the deuteron parity is positive 
implies that the orbital angular momentum must be even. 

The spin of the ground state of deuteron is J — 1, where J = L + S. The possible 
values of S, the sum of the intrinsic spins of the two nucleons, are 0 and 1. We can 
eliminate S — 0, as it is impossible to couple it with even values of L to form a .7 = 1 
state. Furthermore, we can also rule out any L values greater than 2 by the same 
argument. From the fact that the spin and parity of a deuteron are J* = 1+, we find 
that the only possible values of ( L , S) are (0, 1) and (2, 1). We shall see later that the 
dominant part of the ground state wave function is the L = 0 component. However, 
the small L = 2 admixture is important to understand certain properties of deuteron 
and nuclear force. 

Isospin. Through symmetry arguments, we can also deduce the isospin T for the 
deuteron. Since the projection of isospin on the quantization axis is t 0 — + 1 for a 
proton and — | for a neutron, the deuteron is a state with the sum of the isospin 
projections T 0 — 0. The isospin of such a system of two nucleons can be coupled 
together to either T = 0 or T = l,aswe saw earlier in §2-7. For a light nucleus such 
as the deuteron, the isospin is expected to be a good quantum number and the ground 
state of the deuteron can take on only one of these two values. 

If, again, we regard a proton and a neutron as two different isospin states of a 
nucleon, a deuteron may be treated as made up of two identical particles. The total 
wave function of such a system is required to be antisymmetric under a permutation of 
the indices of the two (Fermi-Dirac) particles, 

P 12 #(l,2) = $(2,l) = -tf(l,2) (3-2) 

The wave function ^(1,2) may be decomposed into a product of spatial, spin, and 
isospin parts. For the spatial part, a permutation of the indices means that 



In a spherical polar coordinate system, this corresponds to the transformation 
(r,9,4>) ► (r, 7r - 9, <j> + n) 

Since the radial coordinate r is unchanged by the transformation, the symmetry of the 
spatial wave function is given by the angular dependence and, consequently, that of 
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the spherical harmonics. The transformation is, then, mathematically the same as that 
under a parity change. For L = 0, 2, the spatial wave function is symmetric under 
permutation as a result. 

It is also easy to see that the intrinsic spin part of the deuteron wave function is 
even in the S = 1 state. Consider the state with M s = 1 among the triplet of possible 
states of Ms = 0, ±1 for S = 1. The intrinsic spin wave function may be written as 
the product of those for the two nucleons, 

|,S=l,M.s'=l) = |s=i,m,=i) 1 |s=i,m.=i) 2 (3-3) 

The function on the right-hand side of the equation is obviously even under a permu- 
tation of the indices of the two nucleons indicated by the subscripts. Since there is 
no other way to construct an ( S,Ms ) = (1, 1) state, the function given by Eq. (3-3) 
must be the intrinsic spin wave function for the state. The wave functions of the other 
two S — 1 states, with M$ = 0, —1, may be generated from the Ms = 1 state us- 
ing an angular momentum lowering operator. Since the operator is symmetric with 
respect to the two nucleons, the resulting wave functions retain the symmetry of the 
(S, Ms) = (1,1) state we started with. Consequently, they are also symmetric under a 
permutation of the two nucleons. From this, we establish that the intrinsic spin part 
of the deuteron wave function is even under a permutation of the two nucleons. 

With both spatial and spin parts of the wave function symmetric, the isospin part 
must be antisymmetric in order to maintain the product of all three to be antisymmetric 
under a permutation of the two nucleons, as required by the Pauli exclusion principle. 
The algebras of intrinsic spin and isospin are the same. From the discussion above 
on the intrinsic spin wave function, we can conclude that the T = 1 state of two 
nucleons is symmetric under permutation. On the other hand, the antisymmetric linear 
combination 

|T=0, To=0) = ■^{l<= 5 .<o=+ 5 ) 1 |t=|, fo=-|) 2 ~ |f=5.fo=+2) 2 l <= l’ <0= ~5) 1 } 

(3-4) 

describes a T = 0 state. This can be seen either by examining the explicit values of the 
Clebsch-Gordan coefficients involved or by the fact that the right-hand side of Eq. (3-4) 
vanishes when either an isospin-raising or an isospin-lowering operator is applied to it. 
The requirement that the isospin part of the two-nucleon system is antisymmetric then 
implies that the deuteron ground state is in a T = 0 state. 

We can also arrive at the same conclusion by a different set of arguments. If the 
ground state of the deuteron were T — 1, we expect to find similar bound states in 
the other two T = 1 two-nucleon systems, the two- proton system (To = 1) and the 
two-neutron system (T 0 = -1). However, no such bound states have been observed. 
We can perhaps eliminate the possibility of a two-proton bound state on the grounds 
that Coulomb repulsion between two protons is of the order of 1 MeV at the distance 
of the deuteron radius. Since this value is a large fraction of the deuteron binding 
energy, it is difficult to expect that a bound state can be formed of two protons. This 
limitation, however, does not apply to a system of two neutrons. Since no bound state 
is observed for two neutrons either, we come to the conclusion that it is not possible 
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to have a T = 1 bound state for two nucleons in general. The neutron-proton system 
can be either an isoscalar (T = 0) or an isovector (T = 1) state. Since there does not 
seem to be a bound state for the T = 1 system, the deuteron ground state must have 
isospin T = 0. We may also conclude from the same argument that there is an isospin 
dependence in the force between a pair of nucleons that is attractive only in the T = 0 
state. 

In summary, we have established using symmetry considerations that the deuteron 
ground state has S = 1 and T = 0. There remain, however, two possibilities, L = 0 and 
L — 2, for the spatial part of the wave function. In spectroscopic notation, the L = 0, 
S = 1 state is represented as 3 Si (triplet-S state) and the L = 2, S = 1 as 3 £>j (triplet- 
D state). If L and S are good quantum numbers, i.e., if the nuclear Hamiltonian H 
commutes with both L 2 and S 2 , the deuteron ground state would have to be in either 
one of these two states. There is, however, no fundamental reason to expect that this 
has to be true. In fact, we shall soon see that there is clear evidence that both the 
3 S\- and the ^-components must be present in deuteron. This, in turn, leads to the 
conclusion that the nuclear force mixes different L-components in an eigenstate. 

3-2 Deuteron Magnetic Dipole Moment 



Magnetic dipole operator. The magnetic dipole moment of a nucleus arises from 
a combination of two different sources. First, each nucleon has an intrinsic magnetic 
dipole moment coming from the intrinsic spin and the orbital motion of quarks (see 
§2-8). Second, since each proton carries a net positive charge, its orbital motion con- 
stitutes an electric current loop. If, for simplicity, we assume that the proton charge is 
distributed evenly along its orbit, we can use classical electromagnetic theory to obtain 
its contribution to the magnetic dipole moment of a nucleus, 

(orbital) _ eh[c] 

* " 2M p c 

where l t is the orbital angular momentum of the ith proton in units of h and M p is 
its mass (see Problem 2-6). As usual, Eq. (3-5) is in cgs units if the factor inside the 
square brackets is ignored and in SI units if included. 

It is more convenient to express the contributions to the nuclear magnetic dipole 
moment from individual nucleons in terms of gyromagnetic ratios g{i). For orbital 
motion, we can define g e (i) by the relation 

(3-6) 

with 

1 fi N for a proton 
0 for a neutron 

to reflect the fact that only protons carry net charge and, consequently, can contribute 
to the nuclear magnetic dipole moment. Use of the nuclear magneton fi N as the unit 
avoids any explicit dependence in the appearance of the equation on the system of 
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